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7KXV��WKH�OHIW�KDQG�VLGH�LV�DOZD\V�SRVLWLYH�DQG�����LV�SURYHG��+HQFH�
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7KH�DERYH�LQHTXDOLW\�LV�UHGXFHG�WR�D
��

��≤�D�⋅�D���ZKLFK�LV�LQ�IDFW�DQ
HTXDOLW\�

(TXDOLW\�KROGV�LI�RQO\�LI�WKHUH�LV�HTXDOLW\�LQ�&DXFK\�6FKZDU]�LQHTXDO�
LW\��L��H��ZKHQ�D�E��=�

D�
E��=�

D�
E��=�

D�
E��=�

D�
E��=�[��RU�HTXLYDOHQWO\�

√[� �=�[�√[��⇔�(��−�[)�√[� �=����√ �[��=�[�√ ��[� �⇔�(��−���[)�√[� �=���
√ �[��=�[�√ ��[� �⇔�(��−���[)�√[� �=��
√ �[��=�[�√ ��[� �⇔�(��−���[)�√[� �=��
√ �[��=�[�√ ��[� �⇔�(��−���[)�√[� �=��

,I�[�=���� [��=�[��=�[��=�[��=�[��=���DQG�D�=���RU�[��=�[��=�[��=�[��=���DQG
[��=�D�=����WKHQ�WKH�VROXWLRQV�DUH�������������DQG�������������
,I�[�=�����[��=�[��=�[��=�[��=���DQG�D�=����WKHQ�WKH�VROXWLRQ�LV�������������
,I�[�=�����[��=�[��=�[��=�[��=���⇒ �D�=����[��=���DQG�WKH�VROXWLRQ�LV�������������
,I�[�=������WKHQ�D�=�����[��=���DQG�������������LV�D�VROXWLRQ�
,I�[�=������WKHQ��D�=�����[��=���DQG�WKH�VROXWLRQ�LV�������������

3UREOHP���[�]�
/HW�[��\��]��S��T��U�EH�SRVLWLYH�UHDOV��VXFK�WKDW�[S\T]U�=���DQG�S�+�T�+

+�U�=����3URYH�WKH�LQHTXDOLW\�
S��[�

T\�+�U]�+�
T��\�

S[�+�U]�+�
U��]�

S[�+�T\�³ �
�
�

3URRI��)LUVW��WKH�<RXQJ±V�LQHTXDOLW\�DQG�LWV�JHQHUDOL]DWLRQ�ZLOO�EH
SURYHG��EHFDXVH�LW�ZLOO�EH�QHFHVVDU\�WR�VROYH�WKH�SUREOHP��7KH�VWHSV�RI�WKH
SURRI�DUH�VHSDUDWHG�LQ�WKUHH�OHPPDV�

/HPPD����[α�−�α[�≤���−�α��ZKHUH�[�!��������α�����
3URRI��)RU�[�!���FRQVLGHU�WKH�IXQFWLRQ�I�([)�=�[α�−�α[��ZKHUH�����α��

�����:H�HDVLO\�JHW�WKDW��
��������!���ZKHQ�����[����

I�′([)�=�α�([α�−���−��)�

 ��≤���ZKHQ�[�³ ��

7KHUHIRUH�WKH�IXQFWLRQ�LQFUHDVHV��ZKHQ�[�YDULHV�LQ�WKH�LQWHUYDO������]
DQG�GHFUHDVHV�LQ�WKH�LQWHUYDO�[����∞���1RZ�LW�LV�FOHDU�WKDW�I�(�)�=���−�α�LV
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WKH�JUHDWHVW�YDOXH�RI�WKH�IXQFWLRQ�LQ�WKH�LQWHUYDO�������∞��⇒ �[α�−�α�[�≤�
≤���−�α�
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ZKHUH�WKH�ODVW�LQHTXDOLW\�LV�REWDLQHG�E\�PHDQV�RI�/HPPD����6LQFH�S�+�T�+�
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$SSO\LQJ�DJDLQ�&DXFK\�6FKZDU]�LQHTXDOLW\�OHDGV�WR�
([�⋅��+�[�⋅��+�…�+�[Q⋅�)���≤�(���+����+�…�+��)�([���+�[���+�…�+�[Q�)�
L��H��[���+�[���+�…�+�[Q��³ ��Q��XVLQJ�WKH�IDFW�WKDW�[��+�[��+�…�+[Q�=���
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3UREOHP���[�]��
,I�D��E��F�DUH�SRVLWLYH�UHDOV��SURYH�WKH�LQHTXDOLW\�

√ D��+�DE�+�E� �+�√ E��+�EF�+�F��+�√ F��+�FD�+�D� �³ ���√ DE�+�EF�+�FD
3URRI��+xOGHU±V�LQHTXDOLW\���)LUVW��WKH�IROORZLQJ�LQHTXDOLW\�ZLOO�EH

SURYHG�
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7KHQ� WKH� LQHTXDOLW\� LQ� WKH� SUREOHP� FDQ� EH� ZULWWHQ� LQ� WKH� IRUP
√$ �+�√% �+�√&�³ ���√' �DQG�����LQ�WKH�IRUP�$%&�³ �'���)URP�$0�*0
LQHTXDOLW\�

 

√$ �+�√% �+�√&
� �³ �(√$�√% �√&)
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3URRI��WKH�®EHDXWLIXO¯�LQHTXDOLW\���$SSO\LQJ�WKH�®EHDXWLIXO¯�LQHTXDOLW\
IRU�WKH�QXPEHUV�
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