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7UDMHNWRULMH�]QDaDMQH�]D�UDaXQDQMH
IXQNFLRQDOQRJ�LQWHJUDOD�X�NYDQWQRM
PHKDQLFL

8� RYRP� UDGX� VX� SURXaDYDQH� WUDMHNWRULMH� ]QDaDMQH� ]D� UDaXQDQMH� DPSOLWXGD
YHURYDWQR`H�X�NYDQWQRM�PHKDQLFL�X�IXQNFLRQDOQRP�IRUPDOL]PX��,GHQWLILNRYDQD�MH
REODVW�RNR�UH^HQMD�NODVLaQLK�MHGQDaLQD�NUHWDQMD�NRMD�VDGUCL�RYH�WUDMHNWRULMH�]D�DQ�
KDUPRQLMVNL�RVFLODWRU��$NR�VH�WUDMHNWRULMH�JHQHUL^X�WDNR�GD�VYH�SULSDGDMX�REODVWL
RGDEUDQH�^LULQH�δ�W��X�WUHQXWNX�W��GRELMHQL�UH]XOWDW�`H�LPDWL�UHODWLYQX�JUH^NX�U�
1XPHULaNL�MH�GRELMHQR�GD�VH�^LULQD�REODVWL�δ�W���NRMD�GDMH�XQDSUHG�RGUH_HQX�YUHG�
QRVW�JUH^NH�U��PRCH�QDSLVDWL�NDR�SROLQRP�SR�√ W �L�√ 7�−�W ��JGH�MH�7�YUHPH�HYROXFLMH
NYDQWQRJ�VLVWHPD��7DNR_H�MH�GRELMHQR�GD�VX�NRHILFLMHQWL�RYRJ�SROLQRPD�OLQHDUQH
IXQNFLMH�RG�OQU��1XPHULaNL�MH�SURXaDYDQD�L�]DYLVQRVW�PDNVLPDOQH�^LULQH�REODVWL
δ�=�δ�7����RG�DQKDUPRQLFLWHWD�L�GRELMHQD�MH�NYDGUDWQD�]DYLVQRVW�

8YRG
'REUR�MH�SR]QDWR�GD�SRVWRMH�UD]OLaLWH��DOL�PH_XVREQR�HNYLYDOHQWQH

IRUPXODFLMH�NYDQWQH�PHKDQLNH��)H\QPDQ�L�+LEEV�������+HUEXW��������8R�
ELaDMHQL�SULVWXS�NRML�VH�UD]YLR�X]�NYDQWQX�PHKDQLNX�MH�RSHUDWRUVNL�IRUPDOL�
]DP��8�RYRP�IRUPDOL]PX�VH�VWDQMH�NYDQWQRJ�VLVWHPD�X�WUHQXWNX�W�R]QDaDYD
VD�|Ψ��W〉 ��0RJX`H�MH�RGDEUDWL�YL^H�UHSUH]HQWDFLMD�]D�SULND]�YHNWRUD�VWDQMD�
D�QDMaH^`H�VH�NRULVWL�NRRUGLQDWQD�UHSUH]HQWDFLMD�NRMD�RGJRYDUD�VWDQGDUGQRM�
>UHGLQJHURYRM�VOLFL��WDODVQH�IXQNFLMH���8�RYRM�UHSUH]HQWDFLML�YHNWRUL�VWDQMD�VH
SULND]XMX�NDR�OLQHDUQH�NRPELQDFLMH�ED]QLK�YHNWRUD�|T��W〉 ��JGH�T�SUHGVWDYOMD�SR�
ORCDM�aHVWLFH�X�WUHQXWNX�W��=ERJ�MHGQRVWDYQRVWL�UD]PDWUD`HPR�VLVWHP�RG�MHGQH
aHVWLFH�NRMD�VH�NUH`H�X�MHGQRM�SURVWRUQRM�GLPHQ]LML�

8�RSHUDWRUVNRP�IRUPDOL]PX�DPSOLWXGD�YHURYDWQR`H�SUHOD]D�VLVWHPD�L]
VWDQMD�|α��Wα〉�X�VWDQMH�|β��Wβ〉�MH�MHGQDND�

A(α, tα; β, tβ) = 〈β, tβ α; tα〉 , = 〈β Û(tβ − tα, tα)

JGH�Û(tβ − tα, tα)�SUHGVWDYOMD�HYROXFLRQL�RSHUDWRU�NRML�RSLVXMH�HYROXFLMX�VLV�
WHPD�RG�WUHQXWND�Wα�GR�WUHQXWND�Wβ��.YDGUDW�PRGXOD�DPSOLWXGH�YHURYDWQR`H
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SUHOD]D�SUHGVWDYOMD�YHURYDWQR`X�GD�`H�aHVWLFD�L]�SRaHWQRJ�VWDQMD�|α��Wα〉�SUH`L
X�VWDQMH�|β��Wβ〉 ��=D�VLVWHPH�NRML�VX�LQYDULMDQWQL�QD�YUHPHQVNH�WUDQVODFLMH�
^WR�]QDaL�GD�MH�HQHUJLMD�RGUCDQD��NRQ]HUYDWLYQL�VLVWHPL���HYROXFLRQL�RSHUD�
WRU�]DYLVL�VDPR�RG�YUHPHQD�WUDMDQMD�HYROXFLMH�Û = Û(T) L�GDW�MH�VD�

Û(T) = exp (− i
η

 Ĥt)

JGH�Ĥ�SUHGVWDYOMD�KDPLOWRQLMDQ�VLVWHPD��=D�RYDNYH�VLVWHPH�DPSOLWXGD�$
]DYLVL�VDPR�RG�α��β�L�7�=�Wβ�−�Wα�

A(α, tα; β, tβ) = A(α, β, T)

8�RYRP�UDGX�UD]PRWUL`HPR�QHNH�DVSHNWH�SULPHQH�IXQNFLRQDOQRJ�IRU�
PDOL]PD�X�NYDQWQRM�PHKDQLFL��8�IXQNFLRQDOQRP�IRUPDOL]PX�VH�]D�UDaXQDQMH
DPSOLWXGH�YHURYDWQR`H�SUHOD]D�L]�VWDQMD�|α��Wα〉�X�VWDQMH�|β��Wβ〉�NRULVWH�VYH�PR�
JX`H�WUDMHNWRULMH�VD�JUDQLaQLP�XVORYLPD�T�Wα�� �α��T�Wβ�� �β��6YDNRM�WUDMHN�
WRULML�VH�GRGHOMXMH�WHCLQD�H[S�(L�η)⋅6�� JGH�6�SUHGVWDYOMD�GHMVWYR�QD�WRM
WUDMHNWRULML��LQWHJUDO�ODJUDQCLMDQD�SR�YUHPHQX�RG�SRaHWQRJ�GR�NUDMQMHJ�WUH�
QXWND��6�=�∫ �

Wα

Wβ /�GW���D�RQGD�VH�VYL�RYL�GRSULQRVL�VDEHUX��)RUPDOQL�]DSLV
DPSOLWXGH�YHURYDWQR`H�X�RYRP�IRUPDOL]PX�MH��%DODC�������

A(α, β, T) = ∫[ d µ] e
i
η

S[q(t)] 

JGH�[G�µ]�SUHGVWDYOMD�PHUX�IXQNFLRQDOQRJ�LQWHJUDOD��NRMD�]DYLVL�RG�REOLND
GHMVWYD�WHRULMH�L�PRUD�VH�L]YHVWL�]D�VYDNL�VOXaDM�SRVHEQR��,DNR�VPR�X�SUHWKRG�
QRP�L]UD]X�LVNRULVWLOL�VWDQGDUGQX�R]QDNX�]D�LQWHJUDO��IXQNFLRQDOQL�LQWHJUDOL�QL�
VX�X�VYRMRM�RVQRYL�5LPDQRYL�LQWHJUDOL�VD�NRMLPD�VH�RELaQR�VXVUH`HPR�X�IL]LFL�
.RG�QMLK�VH��XPHVWR�LQWHJUDFLMH�SR�QHNRP�LQWHUYDOX��LQWHJUDOL�SR�VYLP�WUDMHN�
WRULMDPD�VD�]DGDWLP�JUDQLaQLP�XVORYLPD��RGQRVQR�SR�VYLP�WDaNDPD�T�W��NRMLK
LPD�QHSUHEURMLYR�EHVNRQDaQR�PQRJR��SD�MH�]ERJ�WRJD�IXQNFLRQDOQL�LQWHJUDO
]QDWQR�NRPSOLNRYDQLML�REMHNDW��1XPHULaNL�VH�RQ�UDaXQD�NRUL^`HQMHP�)DMQPD�
QRYH�GLVNUHWL]DFLMH��NDR�^WR�`H�ELWL�REMD^QMHQR�X�VOHGH`HP�SRJODYOMX�

-DVQR�MH�GD�RG�VYLK�PRJX`LK�WUDMHNWRULMD�QHNH�GDMX�YH`L��D�QHNH�PDQML
GRSULQRV�DPSOLWXGL�$��3R]QDWR�MH��%DODC�HW�DO�������������GD�VH�ELWQH�WUD�
MHNWRULMH�QDOD]H�X�RNROLQL�RaHNLYDQH�YUHGQRVWL�SROMD�
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8�VHPLNODVLaQRP�VHNWRUX�WHRULMH��JGH�MH�GHMVWYR�PQRJR�YH`H�RG�3ODQ�
NRYH�NRQVWDQWH��6�!!�η���RaHNLYDQD�YUHGQRVW�SROMD�MH�SULEOLCQR�MHGQDND�UH�
^HQMX�TFO�W��NODVLaQLK�MHGQDaLQD�NUHWDQMD��2MOHU�/DJUDQCHYLK�MHGQDaLQD���

〈q(t)〉  ≈ qcl(t)

8�RYRP�UDGX�VX�UD]PDWUDQH�WUDMHNWRULMH�NRMH�GDMX�GRPLQDQWDQ�GRSUL�
QRV�IXQNFLRQDOQRP�LQWHJUDOX�DPSOLWXGH�YHURYDWQR`H�SUHOD]D��=D�ILNVLUDQL
WUHQXWDN�HYROXFLMH�WS�RGUH_HQD�MH�^LULQD�REODVWL�δ�WS��RNR�NODVLaQRJ�UH^HQMD
TFO�WS���X�NRMRM�VX�VDGUCDQH�WUDMHNWRULMH�aLML�GRSULQRV�GDMH�XQDSUHG�RGUH_HQR
UHODWLYQR�RGVWXSDQMH�RG�YUHGQRVWL�DPSOLWXGH�YHURYDWQR`H��2GVWXSDQMH�RG
HJ]DNWQH�YUHGQRVWL�QDVWDMH�]ERJ�RGEDFLYDQMD�WUDMHNWRULMD�NRMH�QH�OHCH�X�RE�
ODVWL�RGDEUDQH�^LULQH�δ�WS��

7UDMHNWRULMH�]QDaDMQH�]D�UDaXQDQMH�IXQNFLRQDOQRJ
LQWHJUDOD

'D�ELVPR�L]UDaXQDOL�DPSOLWXGX�$�α��β��7��NRULVWL`HPR�VWDQGDUGQX
)DMQPDQRYX�GLVNUHWL]DFLMX��)H\QPDQ�L�+LEEV��������2QD�VH�VDVWRML�X�SRGH�
OL�YUHPHQD�HYROXFLMH�7�QD�1�MHGQDNLK�LQWHUYDOD�ε1� �7�1��5DGL�RGUH_HQR�
VWL��SRVPDWUDMPR�NODVX�WHRULMD�RSLVDQLK�ODJUDQCLMDQRP��

8�SLWDQMX�MH�YHRPD�^LURND�NODVD�WHRULMD�SR^WR�X�QMX�VSDGDMX�VNRUR�VYL
UHDOQL�IL]LaNL�VLVWHPL�L�QD�RYDM�QDaLQ�VPR�XPDQMLOL�RS^WRVW�UD]PDWUDQMD�

=D�RYX�NODVX�WHRULMD�VH�X�IXQNFLRQDOQRP�IRUPDOL]PX��)H\QPDQ�DQG
+LEEV�������GRELMD
�

JGH�MH�T��=�α��T��=�β��D�TQ��Q+��=�TQ�+�TQ+�
� ��,]�RYRJ�L]UD]D�YLGLPR�NDNR

L]JOHGD�PHUD�IXQNFLRQDOQRJ�LQWHJUDOD�]D�RYX�NODVX�WHRULMD�
'D�EL�VH�REH]EHGLOD�NRQYHUJHQFLMD�SUHWKRGQRJ�LQWHJUDOD�X�QXPHULaNRP

UDaXQX��SULPHQMXMH�VH�9LNRYD�URWDFLMD��LW�→�τ���2QD�SUHGVWDYOMD�SUHOD]DN�VD
UHDOQH�QD�LPDJLQDUQX�YUHPHQVNX�RVX��^WR�VH�VYRGL�QD�URWDFLMX�NRQWXUH�LQWH�
JUDFLMH�]D���~��7DGD�IRUPXOD�]D�UDaXQDQMH�DPSOLWXGH�$�GRELMD�REOLN�
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3R^WR�MH�RYDNDY�LQWHJUDO�QHPRJX`H�DQDOLWLaNL�UH^LWL�]D�VYH�SRWHQFLMDOH
RG�LQWHUHVD��RVLP�OLQHDUQRJ�KDUPRQLMVNRJ�RVFLODWRUD�L�.XORQRYRJ�SRWHQFL�
MDOD���SULPHQD�QXPHULaNLK�PHWRGD�MH�QHRSKRGQD��

%LWQR�MH�SRPHQXWL�GD�SRVWRML�QDaLQ�GD�VH�L]YU^L�REUQXWD�9LNRYD�UR�
WDFLMD��RGQRVQR�GD�VH�QD_H�YUHGQRVW�IXQNFLRQDOQRJ�LQWHJUDOD�$�NDGD�MH
YUHPH�UHDOQR��0H_XWLP��RELaQR�UDaXQDPR�IL]LaNH�YHOLaLQH�NRMH�QH�]DYLVH
HNVSOLFLWQR�RG�YUHPHQD��QSU��UDaXQDQMH�HQHUJHWVNLK�QLYRD�VLVWHPD���SD�QDP
WDM�SRVWXSDN�WDGD�XRS^WH�QLMH�SRWUHEDQ�

=D�ILNVLUDQX�YUHGQRVW�1�VH��UDaXQDQMHP�JRUQMLK�YL^HVWUXNLK�LQWHJUDOD�
GRELMD�YUHGQRVW�$1��(J]DNWQD�YUHGQRVW�]D�$�VH�GRELMD�X�OLPHVX�1�→�∞�
=DYLVQRVW�$1�RG�1�MH�SROLQRPLMDOQD�IXQNFLMD�SR���1��%DODC�������)H\Q�
PDQ�L�+LEEV��������^WR�VH�PRCH�YLGHWL�QD�VOLFL����SD�VH�DPSOLWXGD�$�GRELMD
ILWRYDQMHP�QD�NULYX��

 AN = ao + 
a1

N
 + 

a2

N2 + Λ.

3UL�WRPH��QDMEROMH�MH�ILWRYDWL�SROLQRP�SR�[� ���1��SR^WR�PHWRGD�QDM�
PDQMLK�NYDGUDWD��01.��GDMH�QDMVLJXUQLMH�UH]XOWDWH�]D�SROLQRPLMDOQH�IXQN�
FLMH�

8�RYRP�UDGX�UD]PDWUDQD�MH�ϕ��WHRULMD��RGQRVQR�DQKDUPRQLMVNL�RVFLOD�
WRU�VD�NYDUWLaQLP�DQKDUPRQLFLWHWRP��aLML�MH�ODJUDQCLMDQ�GDW�L]UD]RP�

JGH�MH�J�DQKDUPRQLFLWHW��3RJRGQLP�UHGHILQLVDQMHP�NRRUGLQDWH�T�L�YUHPHQD
τ�PRJX`H�MH�SRVWL`L�P�=�ω�=����7R�]QDaL�GD�VX�MHGLQL�SDUDPHWUL�WHRULMH�α�
β��J�L�7��=ERJ�RGUH_HQRVWL��NDR�L�GRVWXSQRJ�UDaXQDUVNRJ�YUHPHQD��RGDEUDOL
VPR�SDUDPHWUH�α�=���L�β�=����GRN�VPR�SDUDPHWUH�J�L�7�PHQMDOL�

.DR�^WR�MH�SRPHQXWR�X�XYRGX��]QDaDMQH�WUDMHNWRULMH�]D�UDaXQDQMH
IXQNFLRQDOQRJ�LQWHJUDOD�VH�QDOD]H�X�RNROLQL�RaHNLYDQH�YUHGQRVWL�〈T(W)〉 �
3R^WR�MH�UDaXQDQMH�RYH�RaHNLYDQH�YUHGQRVWL�QXPHULaNL�]DKWHYQR��DSURN�
VLPLUDOL�VPR�MH�NODVLaQLP�UH^HQMHP�TFO�W��

'D�ELVPR�SURXaLOL�NDNR�^LULQD�δ�REODVWL�RNR�TFO�W��XWLaH�QD�YUHGQRVW
DPSOLWXGH�$��LQWHJUDFLMX�SR�NRRUGLQDWL�T�X�RGDEUDQRP�WUHQXWNX�HYROXFLMH
WS�VX]L`HPR�QD�LQWHUYDO�[TFO�WS��¬�δ��TFO�WS����δ]��8�VYLP�RVWDOLP�WDaNDPD
WN�≠�WS�REODVW�LQWHJUDFLMH�MH��−∞��∞��

=D�ILNVLUDQL�WUHQXWDN�HYROXFLMH�WS� L� ILNVLUDQX�^LULQX�δ�PRCH� VH
L]UDaXQDWL�$�WS��δ��ILWRYDQMHP�YUHGQRVWL�$1�WS��δ��QD�SROLQRPLMDOQX�IXQN�
FLMX�SR���1��D�$� �$�WS��∞��SUHGVWDYOMD�HJ]DNWQX�YUHGQRVW�DPSOLWXGH�SUH�
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OD]D�L�QH�]DYLVL�RG�WS��2]QDaLPR�VD�U�UHODWLYQX�JUH^NX�NRMD�VH�QDaLQL�NDGD
VH�DPSOLWXGD�SUHOD]D�UDaXQD�QD�JRUH�RSLVDQ�QDaLQ��WM��NDGD�VH�REODVW�LQWH�
JUDFLMH�RJUDQLaL�X�WDaNL�WS�

r = 
 A(tp, δ) − A

A

5D]PRWUL`HPR�NDNYD�MH�]DYLVQRVW�δ�WS��NRMD�GRYRGL�GR�UHODWLYQH�JUH�
^NH�U�X�ILQDOQRP�UH]XOWDWX��6WRJD�`HPR�SUYR�RGUHGLWL�$�WS��δ��]D�YUHGQRVWL
WS�∈ �(���7)�L�RGDEUDQH�YUHGQRVWL�δ��LQWHUYDO�YUHGQRVWL�]D�δ�ELUDPR�WDNR�GD
UHODWLYQD�JUH^ND�L]QRVL�QHNROLNR�SURFHQDWD���=D�ILNVLUDQX�YUHGQRVW�WS�L�QH�
NROLNR�YUHGQRVWL�δ�SRVPDWUD`HPR�]DYLVQRVW�U�δ���GD�ELVPR�LQYHU]LMRP�RYH
IXQNFLMH�]D�RGUH_HQR�U�RGUHGLOL�]DYLVQRVW�δ�WS���3RWRP�`HPR�SRVPDWUDWL
NDNR�PDNVLPDOQD�^LULQD�REODVWL�δ�]DYLVL�RG�YUHGQRVWL�DQKDUPRQLFLWHWD�

1XPHULaNL�UH]XOWDWL
=D�SRWUHEH�SUYRJ�GHOD�RYRJ�UDGD�LVNRUL^`HQ�MH��VD�RGUH_HQRP�L]PH�

QRP��RVQRYQL�0RQWH�.DUOR�DOJRULWDP�L]�UDGD�$QWXQD�%DODCD��%DODC�������
8�VNODGX�VD�LGHMDPD�SUHWKRGQRJ�SRJODYOMD��DOJRULWDP�MH�L]PHQMHQ��L]PHQD
NRGD�MH�SULORCHQD�X�GRGDWNX��WDNR�GD�MH�]D�ILNVLUDQL�WUHQXWDN�HYROXFLMH�WS
LQWHJUDFLMD�SR�NRRUGLQDWL�T�RJUDQLaHQD��WM��T�WS��]D�VYDNX�WUDMHNWRULMX�VH
JHQHUL^H�L]�LQWHUYDOD�[TFO�WS��¬�δ��TFO�WS����δ]�

6LPXODFLMD�MH�L]YU^DYDQD�]D�aHWLUL�UD]OLaLWH�YUHGQRVWL�DQKDUPRQLFLWHWD
J��J� ������J� ����J� ����L�J �������GYH�YUHGQRVWL�YUHPHQD�HYROXFLMH�7
�7� ���L�7� ���������HNYLGLVWDQWQLK�YUHGQRVWL�WS��GHVHW�YUHGQRVWL�δ�NRMH�VX

6OLND����
7LSLaQD�]DYLVQRVW�$1�RGEURMD�SRGHRQLK�LQWHUYDOD1��1D�JUDILNX�VXSULND]DQL��]DYLVQRVWILWRYDQD�SR���1�QDSROLQRP�aHWYUWRJ�VWHSHQDL�YUHGQRVW�$ ��������������NRMD�VH
GRVWLCH�X�OLPHVX�1�→�∞�3DUDPHWUL�WHRULMH�VX�J ��7 ���D�EURM�0RQWH�.DUOR
X]RUDND�MH�10& ����

)LJXUH����
7\SLFDO�GHSHQGHQFH�RI$1�RQ�WKH�QXPEHU�RIWLPH�VOLFHV�1��7KH�JUDSK
DOVR�VKRZV�ILWWHG��WKRUGHU�SRO\QRPLDO�LQ���1�DQG�WKH�YDOXH�$ ��������������REWDLQHG�LQ�WKH�OLPLW1�→�∞��3DUDPHWHUV�RIWKH�WKHRU\�DUH�J ���7 ��DQG�WKH�QXPEHU�RI0RQWH�&DUOR�VDPSOHV�LV10& ����
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RGDEUDQH�]D�VYDNL�VNXS�SDUDPHWDUD��J��7���WDNR�GD�UHODWLYQH�JUH^NH�U�LPDMX
YUHGQRVWL�RG�QHNROLNR�SURFHQDWD��7LSLaQD�YUHGQRVW�EURMD�0RQWH�.DUOR�X]R�
UDND�10&�L]QRVLOD�MH������=D�ILWRYDQMH�YUHGQRVWL�$�WS��δ��NDR�VORERGQRJ
aODQD�X�]DYLVQRVWL�$1�WS��δ��RG���1�NRUL^`HQH�VX�aHWLUL�YUHGQRVWL�EURMD�SR�
GHRQLK�LQWHUYDOD�1� �1� �����1� ������1� ������1� �������9UHGQRVWL
VPR��NRULVWH`L�SURJUDP�JQXSORW��KWWS����ZZZ�JQXSORW�LQIR���ILWRYDOL�QD�NYD�
GUDWQX�IXQNFLMX�SR���1��VOLND�����=D�VYH�NRPELQDFLMH�SDUDPHWDUD�J�L�7�MH
WDNR_H�L]UDaXQDWD�L�YUHGQRVW�DPSOLWXGH�SUHOD]D�$�]D�VOXaDM�NDGD�LQWHJUDFLMD
QLMH�RJUDQLaHQD��NRUL^`HQMHP�QHSURPHQMHQRJ�RVQRYQRJ�NRGD��NDR�L�NRUL�
^`HQMHP�SURPHQMHQRJ�NRGD�VD�HNVWUHPQR�YHOLNLP�YUHGQRVWLPD�^LULQH�δ�
RYR�MH�XMHGQR�L�SURYHUD�LVSUDYQRVWL�SURPHQMHQRJ�NRGD���2YH�VLPXODFLMH�VX
L]YU^HQH�]D�RNR����VDWL�QD����SURFHVRUVNRP�NODVWHUX�3$5$'2;�NRML�VH
QDOD]L�X�/DERUDWRULML�]D�SULPHQX�UDaXQDUD�X�QDXFL�,QVWLWXWD�]D�IL]LNX�X�%HR�
JUDGX��KWWS���VFO�SK\�EJ�DF�\X���

'D�ELVPR�RGDEUDOL�̂ LULQX�δ�NRMD�GDMH�CHOMHQR�RGVWXSDQMH�U�]D�ILNVLUDQX
YUHGQRVW�WS��QHRSKRGQR�MH�L]UDaXQDWL�$�WS��δ��]D�YL^H�UD]OLaLWLK�YUHGQRVWL
δ�L�QDNRQ�WRJD�QD`L�IXQNFLMX�U�δ���,]�LQYHU]QH�IXQNFLMH�δ�U��`HPR�WDGD�ELWL
X�PRJX`QRVWL�GD�L]UDaXQDPR�WUDCHQX�YUHGQRVW�δ��1D�VOLFL���GDWD�MH�WLSLaQD
]DYLVQRVW�U�δ���-DVQR�MH�GD�YDCL�U�→���NDG�δ�→�∞��MHU�WDGD�LQWHJUDFLMD�QLMH
RJUDQLaHQD��SD�VH�GRELMD�HJ]DNWDQ�UH]XOWDW�$�WS��∞�� �$��aLMH�MH�UHODWLYQR
RGVWXSDQMH�U� �����'RELMHQD�YUHGQRVW�$�WS��δ��VH�VPDQMXMH�NDGD�VPDQMX�
MHPR�YUHGQRVW�δ��MHU�VH�REODVW�LQWHJUDFLMH�VXCDYD��SD�VH�VPDQMXMH�EURM�WUD�
MHNWRULMD�NRMH�OHCH�X�WRM�REODVWL��D�VDPLP�WLP�MH�QMLKRY�XNXSDQ�GRSULQRV
PDQML���RGQRVQR�U�UDVWH�NDGD�δ�RSDGD��SD�MH�U�δ��PRQRWRQR�RSDGDMX`D

6OLND����
7LSLaQD�1�]DYLVQRVWDPSOLWXGH�$1��WS��δ���SULaLMHP�UDaXQDQMX�MH
LQWHJUDFLMD�SR�T�WS�RJUDQLaHQD�QD�LQWHUYDO
[T�WS��¬�δ��T�WS����δ]��1D
JUDILNX�VX�SULND]DQL�LILWRYDQD�NYDGUDWQD
]DYLVQRVW�L�VORERGDQ�aODQWRJ�SROLQRPD��MHGQDN$�WS��δ���(J]DNWQDYUHGQRVW�IXQNFLRQDOQRJLQWHJUDOD�MH$� �������������
3DUDPHWUL�WHRULMH�VXJ� �����7� ����WS� �����
δ� ����GRN�MH10&� ����⋅�����5HODWLYQDJUH^ND�MH�U� ������

)LJXUH����
7\SLFDO�1�GHSHQGHQFH�RI
WKH�DPSOLWXGH�$1��WS��δ��REWDLQHG�ZKHQ�WKHLQWHJUDWLRQ�RYHU�T�WS��ZDVUHVWULFWHG�RQ�WKH�LQWHUYDO
[T�WS��¬�δ��T�WS����δ]�
*UDSK�DOVR�VKRZV�ILWWHGTXDGUDWLF�SRO\QRPLDO�LQ��1�DQG�LWV�]HURWK�RUGHUWHUP��HTXDO�WR�$�WS��δ��([DFW�YDOXH�RI�WKHIXQFWLRQDO�LQWHJUDO�LV$� �������������3DUDPHWHUV�RI�WKH�WKHRU\
DUH�J� �����7� ���
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IXQNFLMD��1D�VOLFL����GHVQR��GDWD�MH�]DYLVQRVW�U�δ��QD�VHPLORJDULWDPVNRP
JUDILNX��.DNR�MH�X�SLWDQMX�OLQHDUQD�]DYLVQRVW��]DNOMXaXMHPR�GD�MH�]D�UD]PD�
WUDQL�LQWHUYDO�YUHGQRVWL�δ�

r(δ) = r 0 e− γ δ

^WR�]DGRYROMDYD�VYH�SRPHQXWH�XVORYH�RYH�IXQNFLMH�
=D�δ� ���RaHNLYDOL�ELVPR�$�WS����� ���SR^WR�VX�WUDMHNWRULMH�NRMH�]DGR�

YROMDYDMX�WUDCHQL�XVORY�VDPR�RQH�VD�T�WS�� �TFO�WS���9HURYDWQR`D�GD�VH�JH�
QHUL^H�T�WS��ED^�MHGQDNR�TFO�WS��MH�PHWDIL]LaNL�MHGQDND�QXOL��SD�MH�L�$�WS����� ���
2GDYGH�ELVPR�RaHNLYDOL�U���� ����RGQRVQR�U��� ����)LWRYDQD�IXQNFLMD�QH
]DGRYROMDYD�RYDM�XVORY��MHU�MH�U���≠�����^WR�JRYRUL�GD�EL�]D�RSLVLYDQMH�]DYL�
VQRVWL�X�EOL]LQL�δ� ���WUHEDOR�XYHVWL�RGUH_HQH�SRSUDYNH�QD�RGDEUDQX�IXQN�
FLMX��0H_XWLP��QDV�LQWHUHVXMH�SRQD^DQMH�VLVWHPD�]D�YUHGQRVWL�δ�NRMH�GDMX
U�������SD�RYR�PRCHPR�]DQHPDULWL�

'DNOH��LQYHU]QD�IXQNFLMD�L]�NRMH�`HPR�]D�RGDEUDQX�YUHGQRVW�U�L]UDaX�
QDWL�RGJRYDUDMX`H�RGVWXSDQMH�δ�GDWD�MH�VD�δ(U)�=�OQ�U���−�OQ�U

γ
�

=D�VHWRYH�SDUDPHWDUD�J� �����7� ����L�J� ������7� �����VOLND���
JUDILFL�QHPDMX�HNVSRQHQFLMDOQL�REOLN��5D]ORJ�]D�WR�MH�^WR�VPR�]QDaDMQH�WUD�
MHNWRULMH�WUDCLOL�X�REODVWL�FHQWULUDQRM�QD�NODVLaQX�WUDMHNWRULMX�TFO�W���XPHVWR
QD�RaHNLYDQX�YUHGQRVW�〈T(W)〉 ��=D�YH`H�YUHGQRVWL�NRQVWDQWH�LQWHUDNFLMH�J�L�GXCD
YUHPHQD�HYROXFLMH�7�X�VLVWHPX�NRML�SRVPDWUDPR�GRPLQDQWDQ�GRSULQRV�GDMX
NYDQWQL�IHQRPHQL��SD�DSURNVLPDFLMD�〈T(W)〉�≈�TFO�W��YL^H�QH�YDCL��=ERJ�WRJD
RYH�VHWRYH�SDUDPHWDUD�LVNOMXaXMHPR�L]�GDOMHJ�UD]PDWUDQMD��8�EXGX`HP�UDGX
RYR�`H�ELWL�GHWDOMQLMH�UD]PRWUHQR�

=D�RGUH_HQR�U��L�ILNVLUDQH�YUHGQRVWL�SDUDPHWDUD�J��7�L�WS��NRULVWH`L�LQYHU�
]QX�IXQNFLMX�δ(U)�PRCHPR�GD�L]UDaXQDPR�^LULQX�δ�NRMD�QDP�GDMH�CHOMHQR�UHOD�
WLYQR�RGVWXSDQMH�U��'UXJLP�UHaLPD��NDGD�ILNVLUDPR�VYH�SDUDPHWUH��J��7�L�U��

6OLND����
7LSLaQD�]DYLVQRVW�U�UHODWLYQRJ�RGVWXSDQMD$�WS��δ��RG�$��RG�δILWRYDQD�QDHNVSRQHQFLMDOQXIXQNFLMX�QD�QRUPDOQRM
�OHYR��LVHPLORJDULWDPVNRM�VNDOL�GHVQR���3DUDPHWULWHRULMH�VX�J� �����7� ����WS� �����L10&� ����⋅����

)LJXUH����
7\SLFDO�δ�GHSHQGHQFHRI�U��UHODWLYH�HUURU�RI$�WS��δ���ILWWHG�WRH[SRQHQWLDO�IXQFWLRQ�OHIW���VKRZQ�DOVR�RQORJ�QRUPDO�VFDOH�ULJKW���3DUDPHWHUV�RIWKH�WKHRU\�DUH�J� �����
7� ����WS� ������DQG10&� ����⋅����
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GRELMDPR�]DYLVQRVW�δ�WS���SUL�NRMRM�MH�UHODWLYQR�RGVWXSDQMH�MHGQDNR�U��=D
α�=�β�]DYLVQRVW�δ�WS��MH�VLPHWULaQD�X�RGQRVX�QD�WS� �7����SD�IXQNFLMD�NR�
MRP�VH�RSLVXMH�PRUD�QD�VLPHWULaDQ�QDaLQ�GD�]DYLVL�RG�WS�L�7�−�WS��.RG�QDV
MH�α� ����β� ����WM��δ�WS��LSDN�RGVWXSD�RG�VLPHWULMH�X�RGQRVX�QD�WS 7���
.DR�^WR�`HPR�YLGHWL��RGVWXSDQMH�RG�VLPHWULMH�MH�PDOR��^WR�XND]XMH�GD�IXQN�
FLMD�δ�WS��]DYLVL�RG�WS�L�7�−�WS�QD�VOLaDQ�QDaLQ�

3R]QDWR�MH��+XDQJ�������GD�VH�SULPHQRP�9LNRYH�URWDFLMH�QD�>UHGLQ�
JHURYX�MHGQDaLQX�GRELMD�GLIX]LRQD�MHGQDaLQD��8�SURFHVX�GLIX]LMH�VUHGQMH�UDV�
WRMDQMH�RG�SRaHWQRJ�SRORCDMD�MH�VUD]PHUQR�NYDGUDWQRP�NRUHQX�YUHPHQD
NUHWDQMD��=DWR�VPR�]DYLVQRVWL�δ(W)�ILWRYDOL�QD�SROLQRPH�SR�√ W �L�√ 7�−�W ��

5H]XOWDWL�VX�VH�RGOLaQR�VODJDOL�VD�ILWRYDQLP�SROLQRPLPD�GXJRJ�L
WUH`HJ�VWHSHQD�SR�√ W �L�√ 7�−�W �

)�(W)�=�S���+�S��√ W �+�S��√ 7�−�W �+�S��√ W(7�−�W)�+�S��W�+�S��(7�−�W)
)�(W)�=�S���+�S��√ W �+�S��√ 7�−�W �+�S��√ W(7�−�W)�+�S��W�+�S��(7�−�W)�+

�������������+�S��W����+�S��(7�−�W)����+�S��√ W �(7�−�W)�+�W�√ 7�−�W

5H]XOWDWL�RS^WHJ�ILWD�X�VYLP�VOXaDMHYLPD�SRND]DOL�VX�GD�MH�S��≈�S���SD
VH�aODQRYL�S�W�L�¬S�W�PRJX�VNUDWLWL��D�S�7�PRCH�GD�VH�XNOMXaL�X�SR��=ERJ
WRJD�VPR�X]HOL�S�� �S�� ����3R^WR�MH�YUHGQRVW�NRRUGLQDWH�T�W��ILNVLUDQD�X
SRaHWQRP�L�NUDMQMHP�WUHQXWNX��]D�WH�WUHQXWNH�HYROXFLMH�YDCL�δ���� �δ�7�� ���
^WR�QDP�PRCH�SRPR`L�GD�VPDQMLPR�EURM�QHSR]QDWLK�SDUDPHWDUD�ILWRYDQRJ
SROLQRPD�

6OLND����
3ULPHU�JUDILND�U�δ�NRG�NRJD�QLMHSRVWLJQXWD
HNVSRQHQFLMDOQD]DYLVQRVW��3DUDPHWULWHRULMH�VX�J� �����
7� �����WS� ����L10&� �����⋅����

)LJXUH����
([DPSOH�RI�D�JUDSK
ZKHUH�U�δ��GRHV�QRWKDYH�H[SRQHQWLDOIRUP��3DUDPHWHUV�RI
WKH�WKHRU\�DUHJ� ������7� ����WS� ����DQG10&� �����⋅����
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=D�VOXaDMHYH�NDGD�MH�7� ����]DYLVQRVWL�δ(W)�VH�QDMEROMH�ILWXMX�QD�IXQN�
FLMX�GUXJRJ�VWHSHQD��.DGD�VH�XEDFH�XVORYL�)����� ���L�)��7�� ����IXQNFLMD
LPD�GYD�VORERGQD�SDUDPHWUD��QSU��S��L�S���L�VYRGL�VH�QD�

1D�VOLNDPD���L���GDWH�VX�]DYLVQRVWL�δ�W��L�ILWRYDQL�SROLQRPL�)�′�W��]D
UD]OLaLWH�YUHGQRVWL�SDUDPHWDUD�WHRULMH�L�UD]OLaLWH�YUHGQRVWL�UHODWLYQH�JUH^NH�U�

� � � �W7WS7
W

7
WSSW) ��¸̧¹

·
¨̈©
§ ��� ���� �


6OLND����
=DYLVQRVW�δ�W��ILWRYDQD�QD)�′�W��]D�SDUDPHWUHJ� ������7� �����U� ����10&� ����⋅����$� ���������������.RHILFLMHQWL�SROLQRPD
L]QRVH�S�� �¬��������S�� �¬��������

)LJXUH����
'HSHQGHQFH�δ�W��ILWWHG�RQ
)�′�W��IRU�WKH�SDUDPHWHUVJ� ������7� �����U� ����10&� ����⋅����$� ���������������&RHIILFLHQWV�RI�WKHSRO\QRPLDO�DUH
S�� �¬��������S�� �¬��������

6OLND����
=DYLVQRVW�δ�W��ILWRYDQD�QD
)�′�W��]D�SDUDPHWUH�J� ���7� �����U� ����10&� ����⋅����$� ��������������.RHILFLMHQWL�SROLQRPDL]QRVH�S�� �¬��������S�� �¬��������

)LJXUH���
'HSHQGHQFH�δ�W��ILWWHG�RQ)�′�W��IRU�WKH�SDUDPHWHUVJ� ����7� �����U� ����10&� ����⋅����$� ��������������
&RHIILFLHQWV�RI�WKHSRO\QRPLDO�DUHS�� �¬��������S�� �¬��������
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=D�VOXaDMHYH�NDGD�MH�7� ���ILW�MH�VXJHULVDR�GD�WUHED�NRULVWLWL�SROLQRP
WUH`HJ�VWHSHQD�L�SUL�WRPH�RGEDFLWL�aODQRYH�S�⋅√ �W�(7�−�W) ��S�⋅√�W �(7�−�W)�L
S�⋅W�√ �7�−�W��SR^WR�MH�X�JUDQLFDPD�JUH^NH�GRELMHQR�S�� �S�� �S�� ����.DGD
XNOMXaLPR�XVORYH�)�(�)�=���L�)�(7)�=����EURM�QHSR]QDWLK�SDUDPHWDUD�IXQN�
FLMH�VH�VPDQMXMH�QD�WUL��QSU��S���S���S���L�LPD�REOLN�

)�′�=�S���+�S��√ W �+�S��√ 7�−�W �−�(S���+�S�)�����−�(S���+�S�)�(7�−�W)���

1D�VOLNDPD������GDWH�VX�]DYLVQRVWL�δ�W��L�ILWRYDQL�SROLQRPL�)�′�W��]D
UD]OLaLWH�YUHGQRVWL�SDUDPHWDUD�WHRULMH�L�UD]OLaLWH�YUHGQRVWL�UHODWLYQH�JUH^NH�U�

6OLNH��¬����QDVSUDPQD�VWUDQD��
)LJXUHV��¬����RSSRVLWH�SDJH��
6OLND����=DYLVQRVW�δ�W��ILWRYDQD�QD�)�′�W��]D�SDUDPHWUH�J� ������7� ����U� ����10&� ����⋅�����$� ����������������.RHILFLMHQWL�SROLQRPD�L]QRVHS�� �¬���������S�� ����������S�� ���������
)LJXUH����'HSHQGHQFH�δ�W��ILWWHG�RQ�)�′�W��IRU�WKH�SDUDPHWHUV�J� ������7� ���U� �����10&� ����⋅�����$� ����������������&RHIILFLHQWV�RI�WKH�SRO\QRPLDO�DUHS�� �¬���������S�� ����������S�� ���������

6OLND����=DYLVQRVW�δ�W��ILWRYDQD�QD�)�′�W��]D�SDUDPHWUH�J� ����7� ����U� ����10&� ����⋅�����$� ���������������.RHILFLMHQWL�SROLQRPD�L]QRVH�S�� �¬��������S�� ����������S�� ���������
)LJXUH����'HSHQGHQFH�δ�W��ILWWHG�RQ�)�′�W��IRU�WKH�SDUDPHWHUV�J� ����7� ���U� �����10&� ����⋅�����$� ���������������&RHIILFLHQWV�RI�WKH�SRO\QRPLDO�DUHS�� �¬���������S�� ����������S�� ���������

6OLND����=DYLVQRVW�δ�W��ILWRYDQD�QD�)�′�W��]D�SDUDPHWUH�J� �����7� ����U� ����10&� ����⋅�����$� ��������������.RHILFLMHQWL�SROLQRPD�L]QRVH�S�� �¬��������S�� ����������S�� ���������
)LJXUH����'HSHQGHQFH�δ�W��ILWWHG�RQ�)�′�W��IRU�WKH�SDUDPHWHUV�J� �����7� ���U� �����10&� ����⋅�����$� ��������������&RHIILFLHQWV�RI�WKH�SRO\QRPLDO�DUHS�� �¬���������S�� ����������S�� ���������

6OLND�����=DYLVQRVW�δ�W��ILWRYDQD�QD�)�′�W��]D�SDUDPHWUH�J� ������7� ���U� �����10&� ����⋅�����$� ��������������.RHILFLMHQWL�SROLQRPD�L]QRVHS�� �¬��������S�� ����������S�� ���������
)LJXUH�����'HSHQGHQFH�δ�W��ILWWHG�RQ�)�′�W��IRU�WKH�SDUDPHWHUV�J� ������7� ���U� �����10&� ����⋅�����$� ��������������&RHIILFLHQWV�RI�WKH�SRO\QRPLDO�DUHS�� �¬��������S�� ����������S�� ���������
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6OLND�����)LJXUH��

6OLND�����)LJXUH��6OLND�����)LJXUH��

6OLND������)LJXUH���



3ULPHWLOL�VPR�GD�NRHILFLMHQWL�S��L�S���RGQRVQR�S���S���S��L]�SUHWKRGQLK
SROLQRPLMDOQLK�IXQNFLMD�LPDMX�ORJDULWDPVNX�]DYLVQRVW�RG�U��VOLND������

pi = Ci + Di ln r

2YR�SRQD^DQMH�QLMH�DQDOLWLaNL�L]YHGHQR��8�WDEHOL���GDWH�VX�YUHGQRVWL
SDUDPHWDUD�&L�L�'L�ILWRYDQLK�]D�UD]OLaLWH�VHWRYH�SDUDPHWDUD�J�L�7�

=D�ILNVLUDQX�YUHGQRVW�UHODWLYQRJ�RGVWXSDQMD�U��]D�UD]PDWUDQH�VNXSRYH
SDUDPHWDUD�WHRULMH�J� L� 7��SRPR`X�SRGDWDND�L]�WDEHOH���PRCHPR�GD
L]UDaXQDPR�NRHILFLMHQWH�SROLQRPLMDOQH�IXQNFLMH�δ(√ W ��√ 7�−�W )��'DNOH�
SR]QDWD�QDP�MH�L�]DYLVQRVW�δ�W���SD�]D�ILNVLUDQR�W�PRCHPR�GD�RGUHGLPR
^LULQX�REODVWL�k�RNR�NODVLaQRJ�UH^HQMD�TFO�W��X�NRMRM�VX�VDGUCDQH�WUDMHNWRULMH
aLML�XNXSDQ�GRSULQRV�GDMH�UH]XOWDW�VD�UHODWLYQRP�JUH^NRP�U�

8�GDOMHP�UDGX�RYR�`H�ELWL�LVNRUL^`HQR�]D�RSWLPDOL]DFLMX�SULPHQMHQRJ
DOJRULWPD��1DLPH��XNROLNR�RJUDQLaLPR�LQWHJUDFLMX�QD�REODVW�^LULQH�δ�W��X
VYDNRP�WUHQXWNX�W��D�QH��NDR�GR�VDGD��VDPR�X�QHNRP�RGDEUDQRP�WUHQXWNX
YUHPHQD���XNXSQD�UHODWLYQD�JUH^ND�EL`H�MHGQDND�5��SUL�aHPX�`HPR�QX�
PHULaNL�QD`L�]DYLVQRVW�5�U���'DNOH��DNR�ILNVLUDPR�YUHGQRVW�U��D�VDPLP�WLP
L�YUHGQRVW�5��XMHGQR�LPDPR�L�]DYLVQRVW�^LULQH�REODVWL�δ�W��NRMD�`H�GDWL
UH]XOWDW�VD�UHODWLYQRP�JUH^NRP�5��6XCDYDQMH�LQWHJUDFLMH�X�MHGQRM�WDaNL�MH
NRPSOLNRYDOR�DOJRULWDP��DOL�DNR�LQWHJUDFLMX�VXCDYDPR�QD�RGDEUDQX�REODVW
X�VYDNRM�WDaNL�RQGD�VH�DOJRULWDP�PRCH�]QDaDMQR�SRMHGQRVWDYLWL�L�L]EH`L
JHQHULVDQMH�WUDMHNWRULMD�L]�*DXVRYH�UDVSRGHOH��3UHPD�WRPH��RaHNXMHPR�GD
`H�SULPHQD�UH]XOWDWD�GRELMHQLK�X�RYRP�UDGX�GRYHVWL�GR�HVHQFLMDOQRJ�XEU�
]DQMD�0RQWH�.DUOR�DOJRULWPD�]D�UDaXQDQMH�IXQNFLRQDOQLK�LQWHJUDOD�

,]�SRVPDWUDQLK�]DYLVQRVWL�^LULQH�REODVWL�δ�RG�WUHQXWND�HYROXFLMH�W�RaL�
JOHGQR�MH�GD�REODVW�LPD�QDMYH`X�^LULQX�QD�SRORYLQL�HYROXFLMH��RGQRVQR�δ
LPD�QDMYH`X�YUHGQRVW�]D�WUHQXWDN�W� �7����'D�ELVPR�RGUHGLOL�NDNR�PDNVL�
PDOQD�^LULQD�REODVWL��]D�ILNVLUDQR�YUHPH�HYROXFLMH�7�L�ILNVLUDQR�UHODWLYQR
RGVWXSDQMH�U�]DYLVL�RG�YUHGQRVWL�DQKDUPRQLFLWHWD�J�SUYR�MH�SRWUHEQR�GD�]D

6OLND�����
7LSLaQD�]DYLVQRVWNRHILFLMHQDWD�ILWRYDQLKSROLQRPD�RG�U��/HYR�MHSULND]DQD�]DYLVQRVW�S�RG�U�QD�QRUPDOQRM��DGHVQR�LVWD�]DYLVQRVW�QDVHPLORJDULWDPVNRM�VNDOL�1D�VOLFL�MH�SULND]DQR�L
NULYD�&���'�OQ�U��JGHMH�&� �¬�����������'� �������������
3DUDPHWUL�WHRULMH�VXJ� ������7� ����

)LJXUH�����
7\SLFDO�U�GHSHQGHQFHRI�WKH�ILWWHG�SRO\QRPLDOFRHIILFLHQWV��*UDSK�RQWKH�OHIW�VKRZV
U�GHSHQGDQFH�RI�S��ZKLOH�WKH�JUDSK�RQ�WKHULJKW�VKRZV�WKH�VDPH
GHSHQGDQFH��EXW�RQ�WKHORJ�QRUPDO�VFDOH��7RJXLGH�WKH�H\H��WKH
ILWWHG�OLQHDU�IXQFWLRQ�LQORJ�U��&���'�ORJ�U�LVDOVR�VKRZQ�RQ�ERWKJUDSKV��ZKHUH&� �¬�����������
'� �������������3DUDPHWHUV�RI�WKHWKHRU\�DUH�J� �����
7� ����
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UD]OLaLWH�YUHGQRVWL�DQKDUPRQLFLWHWD�L�UD]OLaLWH�YUHGQRVWL�^LULQH�δ�X�WUHQXWNX
W� �7����L]UDaXQDPR�YUHGQRVW�DPSOLWXGH�$�δ��7�����=D�ILNVLUDQH�YUHGQRVWL
SDUDPHWDUD�7�L�J�RQGD�GRELMDPR�]DYLVQRVW�U�δ���D�LQYHUWRYDQMHP�WH�]DYLV�
QRVWL�GRELMDPR�]DYLVQRVW�δ�U���,]�IXQNFLMH�δ�U��PRCHPR�GD�RGUHGLPR�δ�]D
NRMH�YUHGQRVW�DPSOLWXGH�LPD�ILNVLUDQX�UHODWLYQX�JUH^NX�U��6DGD�PRCHPR�GD
SRVPDWUDPR�]DYLVQRVW�δ�J��]D�ILNVLUDQH�YUHGQRVWL�7�L�U�

=D�SRWUHEH�GUXJRJ�GHOD�RYRJ�UDGD��RGQRVQR�]D�UDaXQDQMH�PDNVLPDOQH
^LULQH�REODVWL�NRUL^`HQ�MH�L]PHQMHQL�0RQWH�.DUOR�DOJRULWDP�L]�UDGD�$QWRQD
%DODCD���������6LPXODFLMD�MH�L]YU^DYDQD�]D����HNYLGLVWDQWQLK�YUHGQRVWL
DQDUPRQLFLWHWD�J� �J� ����������…������������HNYLGLVWDQWQX�YUHGQRVW�δ
�δ� ������������…���������YUHPH�HYROXFLMH�MH�L]QRVLOR�7� ����D�WLSLaQD
YUHGQRVW�EURMD�0RQWH�.DUOR�NRUDND�����⋅�����2YH�VLPXODFLMH�VX�L]YU^HQH�]D
RNR����VDWL�QD����SURFHVRUVNRP�NODVWHUX�3$5$'2;�NRML�VH�QDOD]L�X
/DERUDWRULML�]D�SULPHQX�UDaXQDUD�X�QDXFL�,QVWLWXWD�]D�IL]LNX�X�%HRJUDGX
�KWWS���VFO�SK\�EJ�DF�\X����

8�SUHWKRGQRP�GHOX�UDGD�YH`�VPR�VH�EDYLOL�RGUH_LYDQMHP�]DYLVQRVWL
U�δ��L�RSLVDOL�MH�IXQNFLMRP�U(δ)�=�URH−γδ��X]�QDSRPHQX�GD�MH�WR�YDOLGQD
DSURNVLPDFLMD�]D�GDWH�UH]XOWDWH�VDPR�QD�LQWHUYDOX�X�NRPH�U�LPD�YUHGQRVW
RG�QHNROLNR�SURFHQDWD��GR�������6�RE]LURP�GD�VPR�RYRJ�SXWD�UDaXQDOL
DPSOLWXGX�SUHOD]D�]D�YL^H�YUHGQRVWL�δ��NDR�L�GD�VPR�NRULVWLOL�YH`L�EURM
0RQWH�.DUOR�NRUDND��̂ WR�GDMH�UH]XOWDW�VD�PDQMRP�0RQWH�.DUOR�VWDWLVWLaNRP
JUH^NRP��ELOR�MH�QHRSKRGQR�XYHVWL�GRGDWQH�SDUDPHWUH�X�IXQNFLMX�U�δ��

r(δ) = exp (− (a + bδ + cδ2))

.DR�^WR�YLGLPR��UD]OLND�MH�X�GRGDWQRP�NYDGUDWQRP�aODQX�X�HNVSR�
QHQWX��NRML�MH�YDCDQ�]D�YH`H�YUHGQRVWL�δ��RGQRVQR��PDOH�YUHGQRVWL�U��2YD

7DEHOD����3DUDPHWUL�ORJDULWDPVNLK�]DYLVQRVWL�NRHILFLMHQDWD�SROLQRPLMDOQLK�IXQNFLMD�]D�UD]OLaLWHVHWRYH�SDUDPHWDUD�WHRULMH�
J� ����7� �� J� ��7� �� J� ���7� �� J� ����7� �� J� ����7� ��� J� ��7� ���

&� ¬���������� ¬���������� ¬���������� ¬����������� ¬����������� ¬�����������
'� ¬����������� ¬����������� ����������� ����������� ���������� ����������
&� ����������� ���������� ���������� ���������� ¬ ¬
'� ¬����������� ¬����������� ¬����������� ¬����������� ¬ ¬
&� ���������� ����������� ���������� ���������� ¬ ¬
'� ¬����������� ¬������������ ¬����������� ¬����������� ¬ ¬
&� ¬ ¬ ¬ ¬ ¬���������� ¬�����������
'� ¬ ¬ ¬ ¬ ����������� �����������
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DSURNVLPDFLMD�VH�PRCH�SULPHQLWL�QD�LQWHUYDOX��VOLND�����QD�NRPH�UHODWLYQR
RGVWXSDQMH�U�X]LPD�YUHGQRVWL�RG������GR������1D�VOLFL����GHVQR�VH�YLGL
GD�QD�VHPLORJDULWDPVNRP�JUDILNX�]DYLVQRVW�U�δ��LPD�REOLN�SDUDEROH��RG�
QRVQR�NYDGUDWQH�IXQNFLMH�

,QYHUWRYDQMHP�IXQNFLMH�U�δ��GRELMDPR�

δ(r) = 
−b + √  b2 − 4c (a + ln r)

2 c

3UL�ILNVLUDQLP�YUHGQRVWLPD�SDUDPHWDUD�7�L�U��SRPR`X�IXQNFLMH�δ�U��
PRCHPR�GD�RGUHGLPR�^LULQX�REODVWL�δ�]D�VYDNX�YUHGQRVW�DQKDUPRQLFLWHWD
J��RGQRVQR�PRCHPR�GD�GRELMHPR�]DYLVQRVW�δ�J���=D�YUHPH�HYROXFLMH
7� ���L�UHODWLYQR�RGVWXSDQMH�U�RG�QHNROLNR�SURFHQDWD�]DYLVQRVW�δ�J��VH
PRCH�DSURNVLPLUDWL�NYDGUDWQRP�IXQNFLMRP��VOLND�����

δ(g) = m0 + m1 g + m2 g
2 

3ULPHWLOL�VPR�GD�NRHILFLMHQWL�P���P���P��L]�IXQNFLMH�δ�J��QH�]DYLVH�RG�J
L�GD�LPDMX�ORJDULWDPVNX�]DYLVQRVW�RG�U��1D�VHPLORJDULWDPVNRP�JUDILNX

6OLNH����L�����QD�QDVSUDPQRM�VWUDQL��
)LJXUHV����DQG�����RQ�WKH�RSSRVLWH�SDJH��
6OLND�����7LSLaQD�]DYLVQRVW�UHODWLYQRJ�RGVWXSDQMD�U�RG�^LULQH�REODVWL�δ�XWUHQXWNX�7����ILWRYDQD�QD�RGDEUDQX�IXQNFLMX�U�δ��QD�QRUPDOQRM��OHYR��LVHPLORJDULWDPVNRM�VNDOL��GHVQR���.RHILFLMHQWL�IXQNFLMH�L]QRVH�D� ����������
E� ����������F� �����������SDUDPHWUL�WHRULMH�VX�J� ������7� ����W� ������D10&� ����⋅����
)LJXUH�����7\SLFDO�δ�GHSHQGHQFH�RI�UHODWLYH�HUURU�U�DW�W 7���ILWWHG�WR�WKHFKRVHQ�IXQFWLRQ�U�δ���OHIW���DOVR�VKRZQ�RQ�ORJ�QRUPDO�VFDOH��ULJKW���&RHIILFLHQWVRI�WKH�IXQFWLRQ�DUH�D� �����������E� ����������F� �����������ZKLOH�SDUDPHWHUVRI�WKH�WKHRU\�DUH�J� ������7� ����W� ������10&� ����⋅����

6OLND�����7LSLaQD�NYDGUDWQD�]DYLVQRVW�^LULQH�REODVWL�δ�RG�YUHGQRVWLDQKDUPRQLFLWHWD�J��/HYR��ILWRYDQL�NRHILFLMHQWL�L]QRVH�P�� �����������P�� �¬������������P�� ��������������YUHPH�HYROXFLMH�MH�7� ����D�UHODWLYQRRGVWXSDQMH�UH]XOWDWD�U� �����'HVQR��ILWRYDQL�NRHILFLMHQWL�L]QRVHP�� �������������P�� �¬������������P�� ��������������YUHPH�HYROXFLMH�MH7� ����D�UHODWLYQR�RGVWXSDQMH�UH]XOWDWD�U� ����
)LJXUH�����7\SLFDO�TXDGUDWLF�J�GHSHQGHQFH�RI�ZLGWK�δ���/HIW��)LWHG�FRHIILFLHQWVDUH�P�� �������������P�� �¬������������P�� ��������������HYROXWLRQ�WLPH�LV7� ����ZKLOH�WKH�IL[HG�UHODWLYH�HUURU�LV�U� ������5LJKW��)LWHG�FRHIILFLHQWV�DUH
P�� ��������������P�� �¬������������P�� ��������������HYROXWLRQ�WLPH�LV7� ����ZKLOH�WKH�IL[HG�UHODWLYH�HUURU�LV�U� ����
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�VOLND����GHVQR��]DYLVQRVW�NRHILFLMHQDWD�PL�RG�U�LPD�OLQHDUDQ�REOLN��^WR
SRND]XMH�GD�VH�PL�PRCH�SUHGVWDYLWL�NDR�OLQHDUQD�IXQNFLMD�RG�OQ�U�

mi = ui + vi ln r

�8�WDEHOL���QDOD]H�VH�YUHGQRVWL�NRHILFLMHQDWD�XL�L�YL�

7DEHOD����3DUDPHWUL�XL�L�YL�]DYLVQRVWL�RG�NRHILFLMHQDWD�P���P���P�UHODWLYQRJ�RGVWXSDQMD�U�]D�YUHPH�HYROXFLMH�7� ���
L XL YL
� ������� ¬��������
� ¬���������� ����������
� ¬����������� ¬������������

=D�ILNVLUDQR�YUHPH�HYROXFLMH�7 ���SRPR`X�YUHGQRVWL�L]�WDEHOH���]D
XQDSUHG�RGUH_HQR�UHODWLYQR�RGVWXSDQMH�U�RG�QHNROLNR�SURFHQDWD�PRCHPR
GD�L]UDaXQDPR�NRHILFLMHQWH�PL�SRPR`X�NRMLK�GRELMDPR�]DYLVQRVW�δ�J���,]

6OLND����
)LJXUH����

6OLND����
)LJXUH����
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IXQNFLMH�δ�J���]D�QHNX�YUHGQRVW�DQKDUPRQLFLWHWD�J�X�LQWHUYDOX�[���������]
PRCHPR�GD�RGUHGLPR�PDNVLPDOQX�^LULQX�REODVWL�NRMD�XYRGL�UHODWLYQX
JUH^NX�U�X�UDaXQDQMH�DPSOLWXGH�YHURYDWQR`H�

=DNOMXaDN
8�RYRP�UDGX�SURXaDYDQH�VX�WUDMHNWRULMH�NRMH�GDMX�GRPLQDQWDQ�GRSUL�

QRV�SUL�UDaXQDQMX�DPSOLWXGD�YHURYDWQR`H�X�NYDQWQRM�PHKDQLFL�X�IXQNFLRQ�
DOQRP�IRUPDOL]PX��QD�SULPHUX�DQKDUPRQLMVNRJ�RVFLODWRUD�VD�NYDUWLaQLP
DQKDUPRQLFLWHWRP��0RQWH�.DUOR�DOJRULWDP�L]�UDGD�$QWRQD�%DODCD��%DODC
�������UD]YLMHQ�]D�UDaXQDQMH�IXQNFLRQDOQLK�LQWHJUDOD�X�MHGQRGLPHQ]LRQDO�
QLP�WHRULMDPD��MH�PRGLILNRYDQ�WDNR�GD�RPRJX`DYD�VXCDYDQMH�GRPHQD�LQ�
WHJUDFLMH�X�IXQNFLRQDOQRP�LQWHJUDOX��=D�PDOH�YUHGQRVWL�DQKDUPRQLFLWHWD�J
L�YUHPHQD�HYROXFLMH�7�QXPHULaNL�MH�GRELMHQR�GD�VH�QDMYDCQLMH�WUDMHNWRULMH
QDOD]H�X�RNROLQL�UH^HQMD�NODVLaQLK�MHGQDaLQD�NUHWDQMD�TFO�W���=D�QHNROLNR
VNXSRYD�SDUDPHWDUD�WHRULMH�J�L�7�L�]D�ILNVLUDQL�WUHQXWDN�YUHPHQD�W�L]�LQWHU�
YDOD�����7��LVSLWDQD�MH�^LULQD�REODVWL�δ�W��RNR�TFO�W��X�NRMRM�OHCH�WUDMHNWRULMH
aLML�GRSULQRV�DPSOLWXGL�YHURYDWQR`H�GDMH�UH]XOWDW�VD�XQDSUHG�RGUH_HQRP�UH�
ODWLYQRP�JUH^NRP�U��1XPHULaNL�MH�GRELMHQR�GD�MH�]DYLVQRVW�δ�W��SROLQRPL�
MDOQD�SR�√ W�L�√ 7�−�W ��D�GD�NRHILFLMHQWL�RYRJ�SROLQRPD�OLQHDUQR�]DYLVH�RG
ORJDULWPD�UHODWLYQH�JUH^NH�OQ�U��3URXaDYDQD�MH�L�]DYLVQRVW�PDNVLPDOQH�^LU�
LQH�REODVWL�δ�7����RG�DQKDUPRQLFLWHWD�RVFLODWRUD�]D�UD]OLaLWH�ILNVLUDQH�YUHGQRVWL
UHODWLYQH�JUH^NH�U��'RELMHQD�MH�NYDGUDWQD�]DYLVQRVW�δ�7����RG�DQKDUPRQLFLWHWD
J��GRN�VX�NRHILFLMHQWL�RYH�]DYLVQRVWL�OLQHDUQH�IXQNFLMH�RG�OQ�U�

8�GDOMHP�UDGX��SRUHG�DQDOLWLaNRJ�REMD^QMHQMD�QXPHULaNL�GRELMHQLK�aL�
QMHQLFD��SRVHEQD�SDCQMD�EL`H�SRVYH`HQD�SULPHQL�GRELMHQLK�UH]XOWDWD��RGQR�
VQR�RSWLPDOL]DFLML�0RQWH�.DUOR�DOJRULWPD�VXCDYDQMHP�GRPHQD�LQWHJUDFLMH
X�IXQNFLRQDOQRP�LQWHJUDOX��=D�WR�`H�ELWL�QHRSKRGQR�XRS^WHQMH�SULPHQMHQRJ
PHWRGD��RGQRVQR�GRPHQ�LQWHJUDFLMH�WUHED�RJUDQLaLWL�X�VYLP�WDaNDPD�HYROX�
FLMH�W��D�QH�VDPR�X�MHGQRP�RGUH_HQRP�WUHQXWNX��2YDNYD�SURPHQD�DOJR�
ULWPD�GD`H�UHODWLYQX�JUH^NX�5�ILQDOQRJ�UH]XOWDWD��SD�̀ H�RG�NOMXaQRJ�]QDaDMD
ELWL�SURXaDYDQMH�]DYLVQRVWL�5�U��

6OLND�����
7LSLaQD�]DYLVQRVWNRHILFLMHQDWD�PLNYDGUDWQH�IXQNFLMH�δ�J�RG�UHODWLYQRJRGVWXSDQMD�U��/HYR�MHSULND]DQD�]DYLVQRVW�P�RG�U�QD�QRUPDOQRM��DGHVQR�LVWD�]DYLVQRVW�QD
VHPLORJDULWDPVNRM�VNDOL�1D�JUDILFLPD�MHSULND]DQD�L�NULYD
X����Y��OQ�U��JGH�MHX�� �¬������������Y�� �¬�������������

)LJXUH�����
7\SLFDO�U�GHSHQGHQFH
RI�FRHIILFLHQWV�PL�RITXDGUDWLF�IXQFWLRQ�δ�J��
7KH�U�GHSHQGHQFH�RIP��LV�VKRZQ�OHIW��DQGDOVR�RQ�WKH�ORJ�QRUPDO
VFDOH�RQ�WKH�ULJKW�)LWWHG�IXQFWLRQ�X����Y�OQ�U��ZKHUH
X�� �¬������������DQGY�� �¬��������������LVSORWHG�RQ�WKH�JUDSKV�
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/LWHUDWXUD
%DODC�$���%HOL`�$���%RJRMHYL`�$��������$Q�,PSURYHG�*DXVVLDQ�$SSUR[L�PDWLRQ�IRU�4XDQWXP�)LHOG�7KHRU\��)DFWD�8QLYHUVLWDWLV��������
%DODC�$���%HOL`�$���%RJRMHYL`�$��������,PSURYHG�*DXVVLDQ�$SSUR[LPD�WLRQ��,Q�3URFHHGLQJV�RI�WKH���WK�<XJRVODY�6\PSRVLXP�RQ�1XFOHDU�DQG3DUWLFOH�3K\VLFV��6WXGHQLFD��<XJRVODYLD������¬�����6HSWHPEHU�������6),1�$�������
%DODC�$���%HOL`�$���%RJRMHYL`�$��������,PSURYHG�$SSUR[LPDWLRQ�IRU�WKH)UHH�(QHUJ\�LQ�/RZ�'LPHQVLRQV��3K\V��/RZ�'LP��6WUXFW���������
%DODC�$���%HOL`�$���%RJRMHYL`�$��������(IILFLHQW�0RQWH�&DUOR�&DOFXOD�WLRQ�RI�WKH�)UHH�(QHUJ\�LQ�/RZ�'LPHQVLRQV��3K\V��/RZ�'LP��6WUXFW�����������
%DODC�$���%HOL`�$���%RJRMHYL`�$��X�=ERUQLNX�UDGRYD�;�NRQJUHVD�IL]LaDUD-XJRVODYLMH��9UQMDaND�%DQMD��-XJRVODYLMD���������PDUW���������NQMLJD�������������
%DODC�$���%HOL`�$���%RJRMHYL`�$��������$GDSWLYH�0RQWH�&DUOR�$OJRULWKPLQ�G� �����3K\V��/RZ�'LP��6WUXFW����������
%DODC�$��������1RYD�UHNXU]LYQD�IRUPXOD�]D�IXQNFLRQDOQL�LQWHJUDO�X�NYDQW�QRM�PHKDQLFL��DQDOLWLaNH�L�QXPHULaNH�RVRELQH��0DJLVWDUVNL�UDG��)L]LaNLIDNXOWHW�8QLYHU]LWHWD�X�%HRJUDGX
)H\QPDQ�5��3��L�+LEEV�$��5��������4XDQWXP�0HFKDQLFV�DQG�3DWK�,QWH�JUDOV��1HZ�<RUN��0F*UDZ�+LOO
+HUEXW�)��������.YDQWQD�PHKDQLND�]D�LVWUDCLYDaH��%HRJUDG��3ULURGQRPDWHPDWLaNL�IDNXOWHW
KWWS���ZZZ�JQXSORW�LQIR
KWWS���VFO�SK\�EJ�DF�\X
+XDQJ�.��������6WDWLVWLFDO�0HFKDQLFV���QG�HGLWLRQ��1HZ�<RUN��:LOH\

0DULQD�5DGXOD^NL
7UDMHFWRULHV�5HOHYDQW�IRU�WKH�&DOFXODWLRQ�RI�3DWK�,QWHJUDOV�LQ
4XDQWXP�0HFKDQLFV

,QWURGXFWLRQ��4XDQWXP�PHFKDQLFV�KDV�VHYHUDO�GLIIHUHQW�EXW�HTXLYD�
OHQW�IRUPXODWLRQV��2QH�RI�WKHP��IXQFWLRQDO�IRUPDOLVP��LV�FRQVLGHUHG�LQ�WKLV
SDSHU��&DOFXODWLRQ�RI�SUREDELOLW\�DPSOLWXGHV�LQ�WKLV�IRUPDOLVP�XVHV�DOO�SRV�
VLEOH�WUDMHFWRULHV�FRQVLVWHQW�ZLWK�WKH�LQLWLDO�DQG�ILQDO�VWDWH�RI�WKH�TXDQWXP
V\VWHP��7KH�FRQWULEXWLRQ�RI�HDFK�WUDMHFWRU\�WR�WKH�SUREDELOLW\�DPSOLWXGH�LV
H[S�(L6���η)��ZKHUH�6�LV�WKH�FRUUHVSRQGLQJ�DFWLRQ�RI�WKH�WUDMHFWRU\��7KH�SUR�
EDELOLW\�DPSOLWXGH�FDQ�IRUPDOO\�EH�ZULWWHQ��%DODC�������DV�D�SDWK�LQWHJUDO
$�=�∫�[Gµ]�H[S�(L6�[T(W)]���η�)��DQG�LV�GHILQHG�WKURXJK�WKH�VWDQGDUG�)H\QPDQ
GLVFUHWL]DWLRQ��)H\QPDQ�DQG�+LEEV��������WLPH�RI�HYROXWLRQ�7�LV�VSOLWWHG�LQ
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1�WLPH�VOLFHV�ε1�=�7���1��DQG�DOO�WUDMHFWRULHV�DUH�GLVFUHWL]HG�DV�OLQHV�FRQ�
QHFWLQJ�WKH�SRLQWV��T���T���…�T1���)RU�WKH�W\SLFDO�RQH�SDUWLFOH�TXDQWXP
V\VWHP�LQ�H[WHUQDO�SRWHQWLDO�9�T���DIWHU�:LFN�URWDWLRQ��WKH�SUREDELOLW\�DP�
SOLWXGH�KDV�WKH�IRUP��)H\QPDQ�DQG�+LEEV�������

7KH�DLP�RI�WKLV�SDSHU�LV�WR�LGHQWLI\�WUDMHFWRULHV�ZLWK�WKH�GRPLQDQW
FRQWULEXWLRQ�WR�SUREDELOLW\�DPSOLWXGHV�FDOFXODWHG�LQ�IXQFWLRQDO�IRUPDOLVP�
6LQFH�WKHVH�WUDMHFWRULHV�DUH�NQRZQ�WR�EH�LQ�WKH�YLFLQLW\�RI�WKH�VROXWLRQ�RI
FODVVLFDO�HTXDWLRQV�RI�PRWLRQ��%DODC�HW�DO���������WKHLU�FRQWULEXWLRQ�LV
TXDQWLILHG�DV�IROORZV��LI�WKH�VHW�RI�FRQVLGHUHG�WUDMHFWRULHV�LV�UHVWULFWHG�WR
EHORQJ�WR�WKH�DUHD�RI�ZLGWK�δ�WS��DURXQG�WKH�FODVVLFDO�VROXWLRQ�IRU�D�IL[HGPRPHQW�WS��WKHQ�WKH�REWDLQHG�SUREDELOLW\�DPSOLWXGH�ZLOO�KDYH�D�UHODWLYH�HU�
URU�U��7KH�FRUUHVSRQGHQFH�EHWZHHQ�δ�WS��DQG�U�ZDV�XVHG�DV�D�PHDVXUH�RI�WKH
FRQWULEXWLRQ�RI�WUDMHFWRULHV�LQ�D�JLYHQ�DUHD��)RU�VLPSOLFLW\��DOO�FDOFXODWLRQV�LQ
WKLV�SDSHU�DUH�GRQH�IRU�WKH�DQKDUPRQLF�RVFLOODWRU�ZLWK�TXDUWLF�DQKDUPRQLFLW\�

5HOHYDQW�7UDMHFWRULHV��7R�ILQG�RXW�KRZ�WKH�YDOXH�RI�DPSOLWXGH�$�GH�
SHQGV�RQ�WKH�ZLGWK�δ��WKH�LQWHJUDWLRQ�RYHU�FRRUGLQDWH�T�W��IRU�D�IL[HG�PRPHQW
RI�HYROXWLRQ�WS�ZDV�UHVWULFWHG�RQ�WKH�LQWHUYDO�[TFO�WS��¬�δ��TFO�WS����δ]�DUR�
XQG�WKH�FODVVLFDO�VROXWLRQ�TFO�WS��DW�WKDW�PRPHQW��,W�KDV�EHHQ�IRXQG�WKDW�
IRU�GLIIHUHQW�YDOXHV�RI�SDUDPHWHUV��FRQVWDQW�RI�DQKDUPRQLFLW\�J�DQG�WLPH
RI�HYROXWLRQ�7���WKH�UHODWLYH�HUURU�U�RI�WKH�DPSOLWXGH�KDV�H[SRQHQWLDO�GH�
SHQGDQFH�RQ�δ���U(δ)�=�U���H−γ�δ�

6LQFH�6FKURHGLQJHU±V�HTXDWLRQ�LQ�:LFN�URWDWHG�WLPH�LV�D�GLIIXVLRQ
HTXDWLRQ��+XDQJ��������W�GHSHQGDQFH�RI�δ�IRU�D�IL[HG�YDOXH�RI�U�KDV�EHHQ
ILWWHG�WR�WKH�SRO\QRPLDOV�LQ�√ W�DQG�√ 7�−�W ��)RU�ORQJ�HYROXWLRQ�WLPHV��LW�KDV
EHHQ�IRXQG�WKDW�δ�W��FDQ�EH�VXFFHVVIXOO\�ILWWHG�WR�WKH�VHFRQG�RUGHU�SRO\QRPLDO�

F2′ = p 0 − p 0 (√ t / T  + √ 1 − t / T  ) + p3√  t (T − t)

ZKLOH�IRU�VKRUWHU�HYROXWLRQ�WLPHV�D�WKLUG�RUGHU�SRO\QRPLDO�PXVW�EH�XVHG�
)�′�=�SR�+�S��√ W �+�S��√ 7�−�W �−�(SR�+�S�)

����−�(SR�+�S�)�(7�−�W)���
,W�KDV�DOVR�EHHQ�IRXQG�WKDW�WKH�FRHIILFLHQWV�S�DUH�OLQHDU�IXQFWLRQV�LQ

ORJ�U��SL�=�&L�+�'L�ORJ�U��7KH�QXPHULFDO�YDOXHV�RI�FRQVWDQWV�&L�DQG�'L�IRU�GLI�IHUHQW�WKHRU\�SDUDPHWHUV�DUH�JLYHQ�LQ�7DEOH����'HSHQGHQFH�RI�WKH�PD[LPDO
ZLGWK�δ�7����RQ�WKH�DQKDUPRQLFLW\�ZDV�DOVR�LQYHVWLJDWHG��DQG�TXDGUDWLF�EH�
KDYLRU�ZDV�REVHUYHG��7KH�FRHIILFLHQWV�LQ�ORJ�U�ZHUH�DJDLQ�OLQHDU�

6XPPDU\��7UDMHFWRULHV�ZLWK�WKH�GRPLQDQW�FRQWULEXWLRQ�WR�SUREDELOLW\
DPSOLWXGHV�LQ�TXDQWXP�PHFKDQLFV�LQ�IXQFWLRQDO�IRUPDOLVP�DUH�LQYHVWLJDWHG
DQG�LGHQWLILHG�LQ�WKLV�SDSHU��)XUWKHU�UHVHDUFK�ZLOO�EH�GHYRWHG�WR�WKH�WKHR�
UHWLFDO�MXVWLILFDWLRQ�RI�REWDLQHG�QXPHULFDO�UHVXOWV��DV�ZHOO�DV�WR�WKH�RSWLPL�
]DWLRQ�RI�WKH�DOJRULWKP�E\�UHVWULFWLQJ�LQWHJUDWLRQ�WR�WKH�LGHQWLIHG�UHOHYDQW
DUHD�DURXQG�WKH�FODVVLFDO�VROXWLRQ�
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'RGDWDN��,]PHQD�SURJUDPVNRJ�NRGD
=D�SRWUHEH�UDGD��XQHWH�VX�RGUH_HQH�L]PHQH�X�RVQRYQL�SURJUDP�]D

UDaXQDQMH�DPSOLWXGH�YHURYDWQR`H�SUHOD]D�VLVWHPD�L]�UDGD��%DODC�������
3URJUDP�MH�SLVDQ�X�SURJUDPVNRP�MH]LNX�&��VSHFLMDOL]RYDQ�]D�SDUDOHOQR
SURFHVLUDQMH�QD�YL^HSURFHVRUVNRP�VLVWHPX�NRUL^`HQMHP�03,�NRQFHSWD��

,]PHQH�VH�VDVWRMH�X�WRPH�^WR�VX�PH_X�JOREDOQH�SURPHQOMLYH�GRGDWH�
SURPHQOMLYD�tp�]D�WUHQXWDN�WS�QD�NRPH�VH�VXCDYD�LQWHJUDFLMD��SURPHQOMLYD
GHOWD�]D�^LULQX�REODVWL�δ��NDR�L�SURPHQOMLYH�PD[GHOWD�L�PLQGHOWD�]D�QMHQX
PDNVLPDOQX�L�PLQLPDOQX�YUHGQRVW��0H_X�SUHWSURFHVRUVNH�NRQVWDQWH�VX�GR�
GDWH�YUHGQRVWL�XNXSQRJ�EURMD�UD]OLaLWLK�WUHQXWDND�]D�NRMH�VH�RJUDQLaDYD�LQ�
WHJUDFLMD�NPOZ�L�EURMD�UD]OLaLWLK�YUHGQRVWL�^LULQH�NDELTA�

#define NPOZ 50
#define NDELTA 10
long tp;
double delta, maxdelta, mindelta;

(NVWUHPQH�YUHGQRVWL�^LULQH�δ�VX�XNOMXaHQH�PH_X�SR]LYQH�SDUDPHWUH
IXQNFLMH�main()��NDR�L�maxkoef�¬�EURM�UD]OLaLWLK�YUHGQRVWL�SRGHRQLK
WUHQXWDND�1�]D�NRMH�VH�UDaXQD�IXQNFLRQDOQL�LQWHJUDO��D�SDUDPHWDU�NRML�MH�X
RULJLQDOQRP�SURJUDPX�SUHGVWDYOMDR�YUHGQRVW�1��X�L]PHQMHQRP�NRGX�SUHG�
VWDYOMD�PLQLPDOQX�YUHGQRVW�1PLQ�EURMD�SRGHRQLK�LQWHUYDOD�1�

8�SUYRP�GHOX�UDGD�JODYQL�GHR�IXQNFLMH main()��SRVOH�XQRVD�L�GR�
GHOH�YUHGQRVWL�SDUDPHWDULPD�IXQNFLMH��VWDYOMHQ�MH�X�SHWOMX�NRMD�PHQMD�YUHG�
QRVW�1� X�VYDNRM�LWHUDFLML��D�GHR�X�NRPH�VH�JHQHUL^X�SXWDQMH�L�UDaXQD
IXQNFLRQDOQL�LQWHJUDO�VH�QDOD]L�X�SHWOMDPD�NRMH�NUR]�LWHUDFLMH�PHQMDMX�YUHG�
QRVWL�δ�L�WS��8�NRGX�NRUL^`HQRP�X�GUXJRP�GHOX�UDGD�XNORQMHQD�MH�SHWOMD
SR�WS��NRULVWL�VH�VDPR�WS 7�����D�XYHGHQD�SHWOMD�SR�J�

double korak, delta;
long koef;
for(koef = 1; koef  maxkoef; ++ koef) {
   N = koef * Nmin;
   .
   .
   .
   korak = (maxdelta - mindelta) / NDELTA;

   for (itp = 1; itp  NPOZ; ++ itp) {
      pozicija = itp * koef;

     for(delta = maxdelta, idelta = 0; idelta  NDELTA;
          delta -= korak, idelta ++) {
         .
         .
         .
     }
   }
   .
   .
   .
}
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1DMELWQLMD�SURPHQD�NRGD�MH�X�IXQNFLML distr()�X�NRMRM�VH�JHQHUL^X
WUDMHNWRULMH��8�SURJUDPVNL�NRG�MH�XQHW�XVORY�NRML�RJUDQLaDYD�JHQHULVDQX
YUHGQRVW�NRRUGLQDWH�T�WS���RGQRVQR�DNR�QMHQD�YUHGQRVW�QH�SULSDGD�LQWHUYDOX
[TFO�WS��¬�δ��TFO�WS����δ�]�IXQNFLMD�YUD`D�YUHGQRVW�QXOD��^WR�VH�NDVQLMH�NRULVWL
]D�L]RVWDYOMDQMH�GRSULQRVD�RYH�WUDMHNWRULMH�SUL�UDaXQDQMX�IXQNFLRQDOQRJ�LQ�
WHJUDOD��8�VNXS�SR]LYQLK�SDUDPHWDUD�IXQNFLMH�distr()��NDR�L�VYLK�IXQN�
FLMD�NRMH�MH�SR]LYDMX��XNOMXaHQR�MH�L�UH^HQMH�NODVLaQLK�MHGQDaLQD�NUHWDQMD�
NRMH�VH�QDOD]L�GLVNUHWL]RYDQR�X�QL]X�TFO>@�

int distr(double *distrpar, long *seed, double *x,
                            double *pinv,double *cl) {

   double ran3(long *);
   double var, rand1, rand2;
   long i, k;
   int ind = 1;

   for(i = 1, var = 0; i N; ++ i) {
      while(!(rand1 = ran3(seed))) {}
      while(!(rand2 = ran3(seed))) {}
      q[i] = sqrt(- 2 * distrpar[N - 1 + i]

                       *log(rand1)) * cos(dpi * rand2);
      var += q[i] * q[i] / (2 * distrpar[N - 1 + i]);
   }

   *pinv = (N - 1) * log(dpi) / 2 - logdet / 2 + var;

   for(i = 1; i  N; ++ i) {
      x[i] = distrpar[i];

      for(k = 1; k  N; ++ k) {
         x[i] += D[i][k] * q[k];
      }

      if ((i == tp) && (fabs(x[i] - cl[i]) delta)) {
         ind = 0;
      }
   }

   return ind;
}
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