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ALQMHQLFD�GD�VH�����VYLK�RWNULYHQLK�HNVWUDVRODUQLK�SODQHWD�WRNRP
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���0HWRG
�����0RGHO�GLQDPLaNH�HYROXFLMH

=D�RGUH_LYDQMH�GLQDPLaNH�VWDELOQRVWL�RUELWH�KLSRWHWLaNLK�SODQHWD�X�SUR�
VWRUX��D��H��L���JGH�MH�D�YHOLND�SROXRVD�RUELWH��H�HNVFHQWULFLWHW��D�L�LQNOLQD�
FLMD��X�RNROLQL�α�&HQWDXUL�$�XSRWUHEOMHQ�MH�PRGHO�RJUDQLaHQRJ�SUREOHPD
WUL�WHOD��=D�QXPHULaNR�UH^DYDQMH�NRUL^`HQD�MH�5XQJH�.XWWD�LQWHJUDFLRQD
^HPD�aHWYUWRJ�UHGD��JGH�VX�SRPR`X�)HKOEHUJRYRJ�SUDYLOD�IXQNFLMH�WUDQV�
IRUPLVDQH�X�5XQJH�.XWWD�^HPX�SHWRJ�UHGD��3UHVV��������5D]OLND�YUHGQRVWL
MH�LVNRUL^`HQD�]D�LPSOHPHQWDFLMX�SULODJRGOMLYRJ�NRUDND�LQWHJUDFLMH��HQJ�
DGDSWLYH�VWHSVL]H���5DGL�SRYH`DQMD�SUHFL]QRVWL�XPHVWR�)HKOEHUJRYLK�NRUL�
^`HQL�VX�&DVK�.DUS�NRHILFLMHQWL�SULOLNRP�IRUPXOLVDQMD�MHGQDaLQD�

=D�LPSOHPHQWDFLMX�SULODJRGOMLYRJ�NRUDND��HPSLULMVNLP�SXWHP�MH�RGUH�
_HQD�GR]YROMHQD�UD]OLND�SRORCDMD�WHOD�NRML�MH�L]UDaXQDW�PHWRGRP�SHWRJ�L
PHWRGRP�aHWYUWRJ�UHGD�QD���P�SR�NRRUGLQDWDPD��3R�SRPHUDQMX�WHOD�]D�LQ�
WHJUDFLRQL�NRUDN��QDMSUH�VH�L]UDaXQDYD�QDMYH`D�UD]OLND�L]PH_X�SDURYD�NRRU�
GLQDWD�WHOD��D�]DWLP�VH�L]UDaXQDYD�QRYD�GXCLQD�NRUDND�
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JGH�MH�KS�NRUDN�X�L]YU^HQRP�SRPHUDMX��∆S�=�PD[{ ∆[��∆\��∆]`��∆�ILNVLUDQ
NRHILFLMHQW�WUDCHQH�SUHFL]QRVWL��D�KQ�YUHGQRVW�QRYRJ�NRUDND�LQWHJUDFLMH��8�
NROLNR�MH�UD]OLND�NRRUGLQDWD�YH`D�RG�WUDCHQH��L]YU^HQL�SRPHUDM�VH�SRQL^WDYD
L�LQWHJUDFLMD�SRQDYOMD�VD�QRYRP�YUHGQR^`X�NRUDND��'RGDWQH�PHUH�NRQWUROH
GXCLQH�NRUDND�VX�LPSOHPHQWLUDQH�NDR�]D^WLWD�RG�®]DJODYOMLYDQMD¯�L]UDaX�
QDYDQMD�¬�GR]YROMHQD�SURPHQD�]D�QDMYL^H�MHGDQ�UHG�YHOLaLQH�L�SRVWRMDQMH
PLQLPDOQH�GXCLQH�NRUDND��KQ�=���V��

-DVQR�MH�GD�SUHFL]QRVW�LQWHJUDFLMH�]DYLVL�RG�YHOLaLQH�NRUDND��D�WD�YUHG�
QRVW�SDN�RG�RGDEUDQRJ�NRHILFLMHQWD�SUHFL]QRVWL��2GDEUDQD�YUHGQRVW�RG���P
SUHGVWDYOMD�NRPSURPLV�L]PH_X�WDaQLMH�DSURNVLPDFLMH�UH^HQMD�L�YUHPHQD
SRWUHEQRJ�]D�L]UDaXQDYDQMH��6PDQMLYDQMHP�GR]YROMHQRJ�RGVWXSDQMD�QD
YUHGQRVW�PDQMX�RG���P��YUHGQRVW�NRUDND�LVXYL^H�aHVWR�GRVWLCH�QDMPDQMX
GR]YROMHQX�YUHGQRVW�SD�VH�YUHPH�L]UDaXQDYDQMD�SRYH`DYD�WROLNR�GD�QLMH
ELOR�PRJX`H�]DYU^LWL�L]UDaXQDYDQMH�

,QWHJUDFLMD�MH�SUHNLGDQD�SR�LVWHNX�SHULRGD�LQWHJUDFLMH�LOL�SR�SRUDVWX
HNHVFHQWULFLWHWD�RUELWH�GR�YUHGQRVWL�MHGDQ�LOL�SR�SULEOLCDYDQMX�SODQHWH�QD
UDVWRMDQMH�PDQMH�RG����⋅��¬��$8��RGQRVQR�SR�QMHQRP�XGDOMDYDQMX�QD
UD]GDOMLQX�YH`X�RG�������$8��^WR�VX�DSVROXWQR�VLJXUQH�JUDQLFH�X�RNYLUX
NRMLK�QH�PRCH�ELWL�UHaL�R�ELOR�NDNYRM�GLQDPLaNRM�VWDELOQRVWL��3HULRG�LQWH�
JUDFLMH�MH�ILNVLUDQ�QD���PLOLRQD�JRGLQD��RGQRVQR�RNR�������ELQDUQLK�SHUL�
RGD�VLVWHPD�
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3RaHWQL�SDUDPHWUL�QXPHULaNH�VLPXODFLMH�]D�ELQDUQL�VLVWHP�VX�SUHX]HWL�L]
WDEHOH����GRN�VX�SRaHWQL�SDUDPHWUL�SODQHWH�YDULUDQL�QD�VOHGH`L�QDaLQ��YHOLND
SROXRVD�MH�X�LQWHUYDOX�RG�����$8�GR�����$8�X����NRUDND��∆D�a���������D
HNVFHQWULFLWHW�X�LQWHUYDOX�RG�����GR�����X����NRUDND��∆H�a��������L�LQNOL�
QDFLMD�RUELWH��QDJQXWRVW�QD�UDYDQ�ELQDUQRJ�VLVWHPD��RG��~�GR���~�X��
NRUDND��∆L� ���~���=D�PDVX�SODQHWH�MH�RGDEUDQD�YUHGQRVW�PDVH�=HPOMH��DOL
RYD�PDVD�LPD�XWLFDM�VDPR�QD�RGUH_LYDQMH�SRaHWQH�EU]LQH�MHU�VH�UDGL�R
RJUDQLaHQRP�SUREOHPX�WUL�WHOD��8NXSQR�MH�REUD_HQR���×��×�� �����
UD]OLaLWLK�SRaHWQLK�XVORYD�RUELWH�SODQHWH�RNR�SULPDUQH�NRPSRQHQWH�ELQDU�
QRJ�VLVWHPD�L�QD�RVQRYX�UH]XOWDWD�NRQVWUXLVDQD�MH�PUHCD�GLQDPLaNH�VWDELO�
QRVWL�NRMD�MH�SULND]DQD�X�UH]XOWDWLPD�

.RPSRQHQWH�ELQDUQRJ�VLVWHPD�VX�LQLFLMDOQR�SRVWDYOMHQH�X�DSRDVWURQX�
WM��X�QDMXGDOMHQLMHP�SRORCDMX�RNR�FHQWUD�PDVH�VLVWHPD��GRN�MH�SODQHWD
SRVWDYOMHQD�X�NROLQHDUQX�SR]LFLMX��GDOMH�RG�VHNXQGDUQH�NRPSRQHQWH�α�&HQ�
WDXUL�%��7HOLPD�VX�VDRS^WHQH�EU]LQH�NRMH�RGJRYDUDMX�]DKWHYDQLP�RUELWDOQLP
HOHPHQWLPD��D��H��7�
��L�WR�X�LVWRP�VPHUX�VYLP�WHOLPD��WM��VYD�WHOD�VX�]DUR�
WLUDQD�X�UHWURJUDGQRP�VPHUX��
�����,QGLNDWRU�VWDELOQRVWL�RUELWH

6DP�SHULRG�LQWHJUDFLMH�RG���PLOLRQD�JRGLQD�MH�LVXYL^H�NUDWDN�]D
XWYU_LYDQMH�VWDELOQRVWL�RUELWH�GLUHNWQR�L]�LQWHJUDFLMH�WUL�WHOD��SD�VH�X�VOXaDMX
GD�SODQHWD�¤SUHCLYL¥�]DGDWL�SHULRG��VWDELOQRVW�PRCH�RGUHGLWL�QD�RVQRYX
YUHGQRVWL�LQGLNDWRUD�VWDELOQRVWL�¬�/MDSXQRYOMHYRJ�YUHPHQD��GRELMHQRJ�L]
YUHGQRVWL�/MDSXQRYOMHYRJ�HNVSRQHQWD��/(��X�NRQDaQRP�YUHPHQX��HQJ��)L�
QLW�7LPH�/\DSXQRY�([SRQHQW�¬�)7/(��

3RORCDM�SODQHWH�WRNRP�YUHPHQD�PRCHPR�SUHGVWDYLWL�SUHNR�^HVWRGL�
PHQ]LRQRJ�YHNWRUD�VWDQMD�aLMH�NRRUGLQDWH�RGJRYDUDMX�NRRUGLQDWDPD�SRORCD�
MD�SODQHWH��[��\��]��L�NRHILFLMHQWLPD�SUL�UD]ODJDQMX�YHNWRUD�EU]LQH�SR�RVDPD
�Y[��Y\��Y]��

9UHGQRVW�)7/(�D�MH�L]UDaXQDWD�QD�RVQRYX�SDUDOHOQH�LQWHJUDFLMH�GYH
aHVWLFH��SODQHWH�L�NORQ�aHVWLFH��WRNRP�YUHPHQD�X]�UHQRUPDOL]DFLMX
VHSDUDFLMH�GYD�YHNWRUD�VWDQMD�SODQHWH�L�NORQ�aHVWLFH��7DQFUHGL�HW�DO��������
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JGH�MH�GL�VHSDUDFLMD�YHNWRUD�SRORCDMD�SODQHWH�L�NORQ�aHVWLFH�X�L�WRP�NRUDNX�
GR�SRaHWQD�VHSDUDFLMD��W�YUHPH�LQWHJUDFLMH��Q�EURM�NRUDND�X�NRPH�MH
RVWYDUHQR�YUHPH�W��D�λ�YUHGQRVW�)7/(�D�


�LQNOLQDFLMD�QH�XWLaHQD�]DGDYDQMH�SRaHWQHEU]LQH
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5HQRUPDOL]DFLMD�YHNWRUD�SRORCDMD�NORQ�aHVWLFH�MH�PHKDQL]DP�NRML�QH
GR]YROMDYD�GD�G�W��SRUDVWH�SUHNR�OLPLWD�UDaXQDUVNH�UHSUH]HQWDFLMH�GHFLPDO�
QRJ�EURMD�L�SUHGVWDYOMD�SRQRYQR�SRVWDYOMDQMH�YHNWRUD�SRORCDMD�NORQ�aHVWLFH
QD�SRaHWQX�VHSDUDFLMX�X�RGQRVX�QD�WUHQXWQL�SRORCDM�SODQHWH��3RaHWQD
VHSDUDFLMD�VH�]DGDMH�SR�NRRUGLQDWDPD�L�WR�PDOLP�XYH`DQMHP�YUHGQRVWL
VYDNH�NRRUGLQDWH�JRUH�XYHGHQRJ�^HVWRGLPHQ]LRQRJ�YHNWRUD�VWDQMD��

7DaQD�YUHGQRVW�/MDSXQRYOMHYRJ�HNVSRQHQWD�MH�YUHGQRVW�λ�L]�����X�WUH�
QXWNX�W�=�∞��0H_XWLP��WRNRP�YUHPHQD�λ�NRQYHUJLUD�ND�/(��L�QDNRQ�NULWLa�
QRJ�YUHPHQD�WF�GRVWLCH�SULEOLCQR�WDaQX�YUHGQRVW��6WRJD�MH�PRJX`H�X
NRQDaQRP�YUHPHQX�LQWHJUDFLMH����PLOLRQD�JRGLQD��QD�RVQRYX�SURVHaQH
YUHGQRVWL�λ�WRNRP�SRVOHGQMHJ�SHULRGD�ELQDUQRJ�VLVWHPD�SURFHQLWL�YUHGQRVW
/(�X�SURVWRUX��D��H��L���

/MDSXQRYOMHYR�YUHPH��NRMH�VH�GHILQL^H�NDR�UHFLSURaQD�YUHGQRVW�/(�
RGQRVQR�NRQNUHWQR�UHFLSURaQD�YUHGQRVW�)7/(�R]QDaDYD�YUHPH�]D�NRMH�`H
VHSDUDFLMD�SODQHWH�L�NORQ�aHVWLFH�SRUDVWL�H�SXWD�

WO\�=�λ ���

5D]XPOMLYR�MH�GD�`H�YUHPH�SRWUHEQR�]D�XGDOMDYDQMH�RUELWD�ELWL�YH`H�X
PDQMH�KDRWLaQLP�QHJR�X�YL^H�KDRWLaQLP�UHJLRQLPD�SURVWRUD�RUELWDOQLK�HOH�
PHQDWD�
�����'HILQLVDQMH�QDVWDQMLYH�]RQH

'HILQLFLMD�QDVWDQMLYH�]RQH�SRPR`X�WHPSHUDWXUH�QD�SRYU^LQL�SODQHWH
L]QHVHQD�X�XYRGQRM�FHOLQL�L�QDMaH^`H�NRUL^`HQD�X�OLWHUDWXUL��+XDQJ������
%HQHVW�������'YRUDN�HW�DO��������QLMH�QDMSRJRGQLMD�]D�VDPR�RGUH_LYDQMH
SRORCDMD�QDVWDQMLYH�]RQH�MHU�VWUXNWXUD�SODQHWH�]QDaDMQR�XWLaH�QD�WHPSHUD�
WXUX�QD�SRYU^LQL��%URMQL�VX�HIHNWL�SRSXW�HIHNWD�VWDNOHQH�ED^WH��HIHNWD�JODFL�
MDFLMH��L�GUXJLK�aLML�MH�X]URaQLN�VWUXNWXUD�DWPRVIHUH�KLSRWHWLaNH�SODQHWH�
6WRJD�MH�X�RYRP�UDGX�XPHVWR�WHPSHUDWXUH�NDR�NULWHULMXP�NRUL^`HQ�]ELUQL
SULPOMHQL�IOXNV�RG�REH�NRPSRQHQWH�NRML�QH�]DYLVL�RG�IL]LaNLK�VYRMVWDYD
SODQHWH�

,]UDaXQDYDQMX�OLPLWD�QDVWDQMLYH�]RQH�SULVWXSLOR�VH�QD�GYD�QDaLQD�
3UYR��QD�RVQRYX�XYR_HQMD�SDUDOHOH�VD�6XQaHYLP�VLVWHPRP�PRCH�VH�GHILQL�
VDWL�PLQLPDOQD�L�PDNVLPDOQD�YUHGQRVW�IOXNVD�L]UDCHQD�X�IXQFNLML�IOXNVD�NRML
SULPD�=HPOMD�¬�RG��������^WR�MH�YUHGQRVW�NRMD�RGJRYDUD�RUELWL�0DUVD��GR
�������^WR�MH�YUHGQRVW�NRMD�RGJRYDUD�RUELWL�9HQHUH��+XDQJ��������

8�GUXJRP�SULVWXSX�X��D��H��VH�PRCH�RGUHGLWL�OLPLW�QDVWDQMLYH�]RQH�QD
RVQRYX�DQDOLWLaNRJ�UH^HQMD�]D�SODQHWH�QD�RUELWDPD�RNR�VDPRVWDOQLK�]YH]GD�
7DNR�VH�OLPLW�QDVWDQMLYH�]RQH�PRCH�L]UD]LWL�]D�XGDOMHQRVW�X�SHULDVWURQX�L
XGDOMHQRVW�X�DSRDVWURQX��SRQRYR�L]MHGQDaDYDMX`L�IOXNV�VD�IOXNVRP�NRML�QD
VYRMLP�RUELWDPD�SULPDMX�9HQHUD�L�0DUV��3ODQHWD�VD�RUELWRP�6�WLSD�RNR
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α�&HQWDXUL�$�MH�XYHN�EDUHP�GHVHW�SXWD�EOLCD�SULPDUQRM�NRPSRQHQWL�QHJR
VHNXQGDUQRM�NRPSRQHQWL�ELQDUQRJ�VLVWHPD��SD�`H�L�IOXNV�SULPOMHQ�RG�GUXJH
NRPSRQHQWH�ELWL�SULEOLCQR�UHGD�YHOLaLQH����XNXSQRJ�SULPOMHQRJ�IOXNVD�
8SUDYR�]DWR�MH�L�PRJX`H�NRULVWLWL�DQDOLWLaNR�UH^HQMH�OLPLWD�SUHGYL_HQR�]D
SODQHWH�X�MHGQR]YH]GDQRP�RNUXCHQMX�

(��−�H)�D�=�√�UY�/∗
�=�T ���

(��+�H)�D�=�√�UP�/∗
�=�4 ���

JGH�MH�H�HNVFHQWULFLWHW��D�YHOLND�SROXRVD�RUELWH�SODQHWH��UY�L�UP�VUHGQMD
XGDOMHQRVW�9HQHUH�L�0DUVD�RG�6XQFD��D�/∗ �OXPLQR]QRVW�]YH]GH�α�&HQWDXUL
$��1D�RYDM�QDaLQ�VH�XVSRVWDYOMD�YH]D�L]PHGMX�HNVFHQWULFLWHWD�L�YHOLNH�SROX�
RVH�RUELWH�SODQHWH�NRML�RGUH_XMX�XQXWUD^QML�L�VSROMQL�OLPLW�QDVWDQMLYH�]RQH�

3UL�RGUH_LYDQMX�IOXNVD�SODQHWH�]DQHPDUHQL�VX�HIHNWL�SRPUDaHQMD�NRP�
SRQHQWL��3HULRG�SODQHWH�VD�SROXRVRP�RG�����$8�X�NRPSODQDUQRM�RUELWL
L]QRVL�RNR������JRGLQD��ELQDUQL�SHULRG�VLVWHPD�L]QRVL�RNR����JRGLQD��GRN
YUHPH�WUDMDQMD�SRPUDaHQMD�L]QRVL�PDQMH�RG�MHGQRJ�GDQD�^WR�VH�VYDNDNR
PRCH�]DQHPDULWL�

���5H]XOWDWL�L�GLVNXVLMD
,VXYL^H�NUDWNR�YUHPH�LQWHJUDFLMH�QH�GR]YROMDYD�NRQVWDWRYDQMH�VWDELOQLK

UHJLRQD��DOL�]DWR�GR]YROMDYD�NRQVWDWRYDQMH�QHVWDELOQLK�UHJLRQD��WM��SURVWRUD
�D��H��L��JGH�VH�SODQHWD�VLJXUQR�QH�PRCH�QDOD]LWL��8�NRPSODQDUQRP�VOXaDMX�
QHVWDELOQL�UHJLRQ�XNOMXaXMH�SROXRVH�YH`H�RG�����$8��NDGD�SHUWXUEDFLMH
VHNXQGDUD�SRVWDMX�SUHYHOLNH��7R�GDOMH�XWLaH�QD�SURPHQX�HNVFHQWULFLWHWD�L
YHOLNH�SROXRVH�SODQHWH�L�]DYU^DYD�VH�UDVSDGDQMHP�VLVWHPD��LOL�X�EODCHP�VOX�
aDMX�SODQHWD�RVWDMH�X�VLVWHPX�DOL�QD�RVQRYX�)7/(�LQGLNDWRUD�ODNR�]DN�
OMXaXMHPR�GD�RUELWD�QH�PRCH�ELWL�VWDELOQD��6D�SRUDVWRP�HNVFHQWULFLWHWD
HIHNDW�SHUWXUEDFLMD�SRVWDMH�MDaL��SD�VH�aDN�L�QD�PDQMLP�SROXRVDPD�RG����
$8�MDYOMD�QHVWDELOQL�UHJLRQ��1D�QXOWRP�HNVFHQWULFLWHWX�VH�PRCH�SULPHWLWL
VWDELOQRVW�SR�^LUHP�RSVHJX�YHOLNLK�SROXRVD�WDNR�GD�VWDELOQL�UHJLRQ�SRVWRML
VD�L]X]HFLPD�GR�����$8��GRN�VH�SUL�HNFHQWULFLWHWX�YH`HP�RG�����QH�PRCH
JRYRULWL�R�QHNRM�YH`RM�VWDELOQRVW��0UHCD�VWDELOQRVWL�]D�QXOWX�LQNOLQDFLMX
�NRPSODQDUQL�VOXaDM���JGH�ERMD�RGJRYDUD�ORJDULWPX�YUHGQRVWL�)/7(�D�L�JGH
PDQMH�YUHGQRVWL�LQGLFLUDMX�YH`X�VWDELOQRVW��SULND]DQD�MH�QD�VOLFL���

1D�RYRP�JUDILNX�MH�PRJX`H�SULPHWLWL�ODCQR�LQGLFLUDQX�QHVWDELOQRVW�QD
QLCLP�YUHGQRVWLPD�SROXRVH�XVOHG�QXPHULaNH�JUH^NH�L�QHGRYOMQH�SUHFL]QRVWL
LQWHJUDFLMH��'DOML�UDG�̀ H�ELWL�IRNXVLUDQ�QD�GRELMDQMH�EROMH�XMHGQDaHQRVWL�SUH�
FL]QRVWL�LQWHJUDFLMH�QD�FHORM�PUHCL�VWDELOQRVWL��*RUQML�L�GRQML�OLPLW�QDVWD�
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QMLYH�]RQH��L]UDCHQ�SUHNR�UHODFLMD�����L������MH�RGUH_HQ�]D�YUHGQRVWL�T�L
4�NRMH�VX�SULND]DQH�QD�JUDILNX�

.ULWLaQD�YUHGQRVW�YHOLNH�SROXRVH��WM��PDNVLPDOQD�YUHGQRVW�YHOLNH�SROX�
RVH�]D�6�WLS�RUELWD�X�ELQDUQLP�VLVWHPLPD��L]UDaXQDYD�VH�SR�VOHGH`RM�UHODFLML
�+DJKLJKLSRXU�������

DF
DE�=�(�����±������)�+�(−������±������)µ�+

+�(−������±������)HE�+�(������±������)µHE�+
+�(������±������)HE��+�(−������±������)µHE�

JGH�MH�µ�NRHILFLMHQW�PDVH�µ�=�0����(0��+�0�)��DE�L�HE�YHOLND�SROXRVD�L�HN�
VFHQWULFLWHW�ELQDUQRJ�VLVWHPD��D�DF�NULWLaQD�YHOLND�SROXRVD��8]LPDMX`L�YUHG�
QRVWL�SDUDPHWDUD�L]�WDEHOH���GRELMD�VH�YUHGQRVW�NULWLaQH�SROXRVH�

DF�≈������$8�
1D�RVQRYX�RYRJ�SRGDWND��D�L�VDPH�PUHCH�VWDELOQRVWL��PRCH�VH�XWYUGLWL

GD�X�VLVWHPX�α�&HQWDXUL�$%�QH�PRCH�SRVWRMDWL�SODQHWD�-XSLWHURYRJ�WLSD��L
GD��DNR�SODQHWH�SRVWRMH��RQH�VX�=HPOMLQRJ�WLSD��3ODQHWH�-XSLWHURYRJ�WLSD
QHPDMX�JGH�GD�QDVWDQX�MHU�QD�XGDOMHQRVWLPD�JGH�EL�QMLKRYR�REUD]RYDQMH
ELOR�PRJX`H�QH�SRVWRML�GLQDPLaND�VWDELOQRVW�

1D�VOLNDPD�����SULND]DQL�VX�JUDILFL�QHNLK�SRGDWDND�GRELMHQLK�]D
SODQHWX�VD�HNVFHQWULFLWHWRP�L�LQNOLQDFLMRP���L�SROXRVRP�RG������$8�

1D�VOLFL���MH�PRJX`H�XRaLWL�LQWHUHVDQWQD�SHULRGLaQD�SRYH`DQMD�HNVFHQ�
WULFLWHWD�VD���GR�������2VFLODFLMH�VX�L]UDCHQH�XVOHG�GHORYDQMD�VHNXQGDUQH
NRPSRQHQWH�ELQDUQRJ�VLVWHPD�QD�SODQHWX��3HULRG�RVFLODFLMD�MH�RNR�����
JRGLQD�L�VD�SRYH`DQMHP�SRaHWQRJ�HNVFHQWULFLWHWD�SHULRG�RVFLODFLMH�VH
SRYH`DYD��6D�SRYH`DQMHP�SRaHWQH�YHOLNH�SROXRVH�SHULRG�VH�VPDQMXMH�DOL�VH
HIHNDW�XWLFDMD�SRYH`DYD�MHU�MH�X�SHULDVWURQX�UD]GYDMDQMH�SODQHWH�L�VHNXQGDUD
GYRMQRJ�VLVWHPD�PDQMH�

1D�JUDILNX�]DYLVQRVWL�IOXNVD�RG�YUHPHQD��VOLND����VH�PRJX�XRaLWL�GYD
UD]OLaLWD�SHULRGD�¬�SHULRG�URWDFLMH�ELQDUQRJ�VLVWHPD�L�SHULRG�SRYH`DYDQMD�L
VPDQMLYDQMD�PDNVLPXPD�L�PLQLPXPD�SUYRJ�SHULRGD�NRML�RGJRYDUD�SRYH`D�
YDQMLPD�L�VPDQMLYDQMLPD�HNVFHQWULFLWHWD��7UH`L�SHULRG�NRML�MH�WDNR_H�SULVX�
WDQ�MH�SHULRG�URWDFLMH�SODQHWH�RNR�SULPDUD�GYRMQRJ�VLVWHPD��DOL�QD�JUDILNX
QLMH�PRJX`H�YLGHWL�RYDM�SHULRG�NRML�]D�RYX�SODQHWX�VD�YHOLNRP�SROXRVRP
RG������$8�L]QRVL�RNR�����JRGLQD��

9DULMDFLMH�IOXNVD�L�HNVFHQWULFLWHWD�VX�X�VDJODVQRVWL�VD�VWDQGDUGQRP�0L�
ODQNRYL`HYRP�WHRULMRP�NOLPDWVNLK�SURPHQD�X]URNRYDQLK�SURPHQRP�RUEL�
WDOQLK�SDUDPHWDUD��0H_XWLP��RQR�^WR�MH�SRVOHGLFD�RYLK�RVFLODFLMD�MHVWH�GD
]D�YH`H�SRaHWQH�HNVFHQWULFLWHWH�UD]OLNH�X�IOXNVX��SD�VDPLP�WLP�L�X�SRYU^LQ�
VNRM�WHPSHUDWXUL��SRVWDMX�L]UD]LWR�YHOLNH��VOLND�����SD�MH�SLWDQMH�GD�OL�VH�RQGD
PRCH�JRYRULWL�R�QDVWDQMLYRVWL�WDNYH�SODQHWH��8NROLNR�NOLPDWVNL�PHKDQL]PL
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QH�PRJX�GD�QDSUDYH�SRYUDWQX�VSUHJX�L�L]EDODQVLUDMX�SURPHQH�IOXNVD��WHP�
SHUDWXUQH�RVFLODFLMH�VD�JRUQMHJ�OLPLWD�QDVWDQMLYH�]RQH�QD�GRQML�OLPLW�QDV�
WDQMLYH�]RQH�QH�PRJX�ELWL�SULKYD`HQH��L�VDPLP�WLP�QDVWDQMLYD�]RQD�SRVWDMH
PDQMD�QHJR�^WR�MH�QDYHGHQR�X�UHODFLML�����L������0HQRX�L�7DEDFKQLN�������

1D�VOLFL���VX�SULND]DQH�PUHCH�VWDELOQRVWL�]D�LQNOLQDFLMH�UD]OLaLWH�RG
QXOH��,]X]HY�LQNOLQDFLMH�RG���~��QD�YH`LP�LQNOLQDFLMDPD�QH�PRCHPR�XRaLWL
YH`X�GLQDPLaNX�VWDELOQRVW��1D�JUDILFLPD�VH�PRCH�XRaLWL�GD�MH�SUL�SRUDVWX
LQNOLQDFLMH�VWDELOQRVW�YH`D�SUL�YH`LP�HNVFHQWULFLWHWLPD�

6OLNH�QD�QDVSUDPQRM�VWUDQL
)LJXUHV�RQ�WKH�RSSRVLWH�SDJH
6OLND����0UHCD�VWDELOQRVWL�RUELWD�SODQHWH�X�RNROLQL�α�&HQWDXUL�$��FUYHQD�OLQLMD�R]QDaDYD�XQXWUD^QML��D�EHOD�VSROMD^QML�OLPLW�QDVWDQMLYH�]RQHGHILQLVDQ�X�����L�����
)LJXUH����6WDELOLW\�JULG�RI�SODQHW�RUELWV�DURXQG�α�&HQWDXUL�$�UHG�OLQH�GHVFULEHV�WKH�LQQHU�DQG�WKH�ZKLWH�OLQH�WKH�RXWHU�OLPLW�RI�WKH�KDELWDEOH
]RQH�GHILQHG�ZLWK�����DQG�����
6OLND����3URPHQD�HNVFHQWULFLWHWD�QD�SHULRGX�RG��������JRGLQD
)LJXUH����&KDQJH�RI�HFFHQWULFLW\�GXULQJ�D�SHULRG�RI��������\HDUV
6OLND����2VFLODFLMH�IOXNVD�QD�SHULRGX�RG�RG��������JRGLQD��)OXNV�MH�L]UDCHQ�X�IXQNFLML�IOXNVD�NRML�SULPD�=HPOMD�
)LJXUH����)OX[�RVFLODWLRQ�GXULQJ�D�SHULRG�RI��������\HDUV�)OX[�LV�H[SUHVVHG�DV�D�IXQFWLRQ�RI�IOX[�JLYHQ�WR�(DUWK��6RODU�FRQVWDQW�
6OLND����.RQYHUJLUDQMH�SURFHQMHQRJ�/MDSXQRYOMHYRJ�YUHPHQD�WRNRP�YUHPHQDLQWHJUDFLMH�]D�SODQHWH�VD�UD]OLaLWLP�YUHGQRVWLPD�HNVFHQWULFLWHWD�L�SROXRVH�LLQNOLQDFLMRP�QXOD��L�WR�JOHGDQR�RGR]JR��SROXRVD������$8��HNVFHQWULFLWHW������
SROXRVD������$8��HNVFHQWULFLWHW�������SROXRVD������$8��HNVFHQWULFLWHW����L�QDNUDMX�SROXRVD������$8��HNVFHQWULFLWHW����
)LJXUH����&RQYHUJDWLRQ�RI�HVWLPDWHG�/\DSXQRY�WLPH�GXULQJ�LQWHJUDWLRQ�WLPH�IRUSODQHWV�ZLWK�GLIIHUHQW�HFFHQWULFLW\�DQG�PDMRU�VHPL�D[LV�YDOXHV�ZLWK�]HURLQFOLQDWLRQ��ORRNLQJ�IURP�WRS��PDMRU�VHPL�D[LV������$8��HFFHQWULFLW\������
PDMRU�VHPL�D[LV������$8��HFFHQWULFLW\�������PDMRU�VHPL�D[LV������$8�HFFHQWULFLW\����DQG�DW�WKH�HQG�PDMRU�VHPL�D[LV������$8��HFFHQWULFLW\�����
6OLND����,VWR�NDR�L�VOLND����VDPR�HNVFHQWULFLWHW�XPHVWR���VDGD�L]QRVL�������.DR^WR�VH�PRCH�SULPHWLWL��SODQHWD�L]OD]L�L]�QDVWDQMLYH�]RQH�NDNR�SUL�XGDOMDYDQMX�WDNR�L�SUL�SULEOLCDYDQMX�SULPDUQRM�NRPSRQHQWL��3RUDVW�HNVFHQWULFLWHWD�GHIRUPL^H
RUELWX�WDNR�GD�VH�SODQHWD�QDJOR�SULEOLCDYD�SULPDUQRM�NRPSRQHQWL��XYH`DYDMX`LSULPOMHQL�IOXNV�L�GR�GHVHW�SXWD��
)LJXUH����6DPH�DV�ILJXUH����H[FHSW�WKDW�WKH�HFFHQWULFLW\�LV�QRZ������LQVWHDG�RI
���$V�LW�FDQ�EH�VHHQ��WKH�SODQHW�LV�OHDYLQJ�WKH�KDELWDEOH�]RQH�ZKLOH�JRLQJDZD\��DQG�DOVR�ZKLOH�JRLQJ�WRZDUGV�WKH�SULPDU\�FRPSRQHQW��7KH�MXPS�RI
HFFHQWULFLW\�GHIRUPV�WKH�RUELW�VR�WKDW�WKH�SODQHW�DSSURDFKHV�WKH�SULPDU\FRPSRQHQW��PD[LPL]LQJ�WKH�UHFHLYHG�IOX[�XS�WR�WHQ�WLPHV�
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6OLND���
0UHCD�VWDELOQRVWL�]D�LQNOLQDFLMH�RG���~�GR���~�

)LJXUH���
6WDELOLW\�JULG�IRU�LQFOLQDWLRQV�IURP���~�WR���~�
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���=DNOMXaDN
,]ORCHQLP�UH]XOWDWLPD�SRND]DQD�MH�PRJX`QRVW�SRVWRMDQMD�SODQHWD�=HP�

OMLQRJ�WLSD�NRMH�EL�VH�QDOD]LOH�X�QDVWDQMLYRM�]RQL�X�UHJLRQX�GR�����$8�GR
����$8�VD�HNVFHQWULFLWHWLPD�GR������,VWRYUHPHQR�MH�SRND]DQR�GD�XNROLNR
SRVWRMH�SODQHWH�X�GYRMQRP�VLVWHPX�α�&HQWDXUL�$%��RQH�PRUDMX�ELWL�=HP�
OMLQRJ�WLSD��MHU�JLJDQWVNH�SODQHWH�QH�PRJX�QDVWDWL�XVOHG�QHSRVWRMDQMD�GL�
QDPLaNH�VWDELOQRVWL�QD�UDVWRMDQMLPD�YH`LP�RG�����$8��2GDYGH�VOHGL�GD�MH
L]DEUDQL�PRGHO�WUL�WHOD�SULKYDWOMLY��MHU�QH�PRCH�SRVWRMDWL�aHWYUWR�WHOR�YHOLNH
PDVH�NRMH�EL�LPDOR�YH`H�JUDYLWDFLRQH�XWLFDMH�QD�SODQHWX�X�QDVWDQMLYRM�]RQL�
'RGDWQD�L]UDaXQDYDQMD�VX�SRWUHEQD�]D�GRELMDQMH�EROMH�UH]ROXFLMH�L�YH`H�SUH�
FL]QRVWL�PUHCH�VWDELOQRVWL�

8�PUHCL�VWDELOQRVWL�]D�QHNRPSODQDUQL�VOXaDM��GLQDPLaND�VWDELOQRVW�VH
]DSDCD�MHGLQR�SUL�QLCLP�LQNOLQDFLMDPD�RG���~�L�HYHQWXDOQR�SUL�LQNOLQDFLML
RG���~��,SDN��PRJX`QRVW�GD�SODQHWD�QDVWDQH�X�UD]OLaLWRM�UDYQL�RG�UDYQL�EL�
QDUQRJ�VLVWHPD�MH�GRVWD�PDQMD��SD�MH�X]�PDQMX�GLQDPLaNX�VWDELOQRVW�SUL
YH`LP�LQNOLQDFLMDPD�QDVWDMDQMH�SODQHWH�X�QDVWDQMLYRM�]RQL�X�QHNRPSODQDU�
QRP�VOXaDMX�PDOR�YHURYDWQR��

5H]XOWDWL�L]QHVHQL�X�RYRP�UDGX�PRJX�ELWL�LVNRUL^`HQL�X�GRELMHQRP�REOLNX
]D�VOLaQD�LVWUDCLYDQMD��DOL�L�]D�RGUH_LYDQMH�UHJLRQD�IRNXVLUDQMD�GDOMLK�LV�
WUDCLYDQMD�X�SRWUD]L�]D�SODQHWDPD�X�QDVWDQMLYRM�]RQL�

=DKYDOQRVW��=DKYDOMXMHPR�VH�,JRUX�6PROL`X��UXNRYRGLRFX�SURJUDPD
DVWURQRPLMH��L�0LKDLOX�AXEURYL`X��VDUDGQLNX�LVWRJ�SURJUDPD��QD�QH�
VHELaQRP�DQJDCRYDQMX�L�SRPR`L�X�NULWLaQLP�WUHQXFLPD�L]UDGH�RYRJ�UDGD�
7DNR_H��L]UDCDYDPR�]DKYDOQRVW�VYLPD�RQLPD�NRML�VX�GRSULQHOL�VNUD`LYDQMX
YUHPHQD�SRWUHEQRJ�]D�REUDGX�SRGDWDND�XVWXSDQMHP�SURFHVRUVNRJ�YUHPHQD�

/LWHUDWXUD
%DUELHUL�0���0DU]DUL�)���6FKROO�+��������)RUPDWLRQ�RI�WHUUHVWULDO�SODQHWVLQ�FORVH�ELQDU\�V\VWHPV��7KH�FDVH�RI�α�&HQWDXUL�$��$VWURQRP\�DQG�$VWUR�SK\VLFV�����������
%HQHVW�'��������6WDEOH�SODQHWDU\�RUELWV�DURXQG�RQH�FRPSRQHQW�LQ�QHDUE\ELQDU\�VWDUV���%0):)��2HVWHUUHLFKLVFKH�)RUVFKXQJVJHPHLQVFKDIW��6WHLHU�PDHUNLVFKHU�:LVVHQVFKDIWV�XQG�)RUVFKXQJVODQGHVIRQGV��HW�DO���$OH[DQGHUYRQ�+XPEROGW�&ROORTXLXP�RQ�&HOHVWLDO�0HFKDQLFV��/RQJ�7HUP�(YROX�WLRQ�RI�3ODQHWDU\�6\VWHPV��5DPVDX��$XVWULD��0DU���������������&HOHVWLDO0HFKDQLFV����������������������������
'YRUDN�5���3LODW�/RKLQJHU�(���)XQN�%���)UHLVWHWWHU�)��������3ODQHWV�LQKDELWDEOH�]RQHV��$�VWXG\�RI�WKH�ELQDU\�*DPPD�&HSKHL��$VWURQRP\�DQG$VWURSK\VLFV�������/�
*XHQWKHU�'��%��DQG�'HPDUTXH�3��������α�&HQWDXUL�$%��7KH�$VWURSK\VL�FDO�-RXUQDO����������
+DJKLJKLSRXU�1��������2Q�7KH�'\QDPLFDO�6WDELOLW\�RI�γ�&HSKHL��DQ�6�7\SH�%LQDU\�3ODQHWDU\�6\VWHP��7+(�6($5&+�)25�27+(5�:25/'6�
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)RXUWHHQWK�$VWURSK\VLFV�&RQIHUHQFH��$,3�&RQIHUHQFH�3URFHHGLQJV������������
+XDQJ�6��������/LIH�6XSSRUWLQJ�5HJLRQV�LQ�WKH�9LFLQLW\�RI�%LQDU\�6\V�WHPV��3XEOLFDWLRQV�RI�WKH�$VWURQRPLFDO�6RFLHW\�RI�WKH�3DFLILF������������������
0RUHO�3���3URYRVW�-���/HEUHWRQ�<���7KHYHQLQ�)���%HUWKRPLHX�*�������&DOLEUDWLRQV�RI�α�&HQWDXUL�$�	�%��$VWURQRP\�DQG�$VWURSK\VLFV����������
0HQRX�.��L�7DEDFKQLN�6��������'\QDPLFDO�+DELWDELOLW\�RI�.QRZQ�([WUD�VRODU�3ODQHWDU\�6\VWHPV��$VWURSK\VLFV�-RXUQDO����������
3RXUEDL[�'��������5HYLVHG�PDVVHV�RI�$OSKD�&HQWDXUL��$VWURQRP\�DQG�$V�WURSK\VLFV��������������
3UHVV�:��+���HG���������1XPHULFDO�5HFLSHV�LQ�&��7KH�$UW�RI�6FLHQWLILF&RPSXWLQJ��&DPEULGJH��&DPEULGJH�8QLYHUVLW\�3UHVV
7DQFUHGL�*���6DQFKH]�$���5RLJ�)��������$�FRPSDULVRQ�EHWZHHQ�PHWKRGVWR�FRPSXWH�/\DSXQRY�H[SRQHQWV��7KH�$VWURQRPLFDO�-RXUQDO���������������
([WUD�VRODU�3ODQHWV�&DWDORJ��'RVWXSQR�QDKWWS���ZZZ�REVSP�IU�HQF\FO�FDW��KWPO

*RUDQ�5DNL`�DQG�'MRUGMH�.OLVL`
'\QDPLFDO�6WDELOLW\�RI�+DELWDEOH�=RQH�LQ�$OSKD�&HQWDXUL
$%�6\VWHP

:LWK�WKH�HPSLULFDO�FRQFOXVLRQ�WKDW�SODQHWV�FDQ�IRUP�LQ�D�ELQDU\�VWDU
HQYLURQPHQW��ZH�FDQ�DVN�RXUVHOYHV�LI�OLIH�FDQ�H[LVW�RQ�WKHP��/LIH�FDQ�H[LVW
RQ�D�SODQHW�LI�LWV�RUELW�LV�G\QDPLFDOO\�VWDEOH�DQG�LI�OLTXLG�ZDWHU�FDQ�H[LVW
RQ�LWV�VXUIDFH��7KH�KDELWDEOH�]RQH�LV�D�UHJLRQ�ZKHUH�VXFK�RUELWV�FDQ�H[LVW�

$OSKD�&HQWDXUL�$%�LV�D�ELQDU\�VWDU�V\VWHP�WKDW�IRUPV�WKH�ZHOO�NQRZQ
$OSKD�&HQWDXUL�V\VWHP�ZLWK�D�WKLUG��&�FRPSRQHQW��VHSDUDWHG�E\�������$8�
,Q�WKLV�SDSHU�ZH�DQDO\]HG�WKH�H[LVWHQFH�DQG�SRVLWLRQ�RI�KDELWDEOH�]RQHV�LQ�WKH
ELQDU\�VWDU�V\VWHP�$OSKD�&HQWDXUL�$%��WKDW�LV�WKH�SRVVLEOH�H[LVWHQFH�RI�6�W\SH
RUELWV�DURXQG�WKH�SULPDU\�FRPSRQHQW�$OSKD�&HQWDXUL�$�

'\QDPLFDO�VWDELOLW\�ZDV�H[DPLQHG�XVLQJ�WKH�QXPHULFDO�VROXWLRQ�RI�WKH
HOOLSWLF�UHVWULFWHG�WKUHH�ERGLHV�SUREOHP�ZLWK�WKH�KHOS�RI�LQGLFDWRUV�RI�RU�
ELWDO�VWDELOLW\���)LQLWH�WLPH�/\DSXQRY�H[SRQHQWV��,QWHJUDWLRQ�ZDV�SHUIRUPHG
GXULQJ�DERXW�������ELQDU\�SHULRGV��7KH�KDELWDELOLW\�]RQH�ZDV�WKHQ�GHWHU�
PLQHG�E\�WKH�GHILQHG�VWDELOLW\�FRQGLWLRQV�DQG�YDOXHV�RI�IOX[�EHWZHHQ�WKH
RUELWV�RI�9HQXV�DQG�0DUV�LQ�WKH�6RODU�V\VWHP�

7KH�PDS�RI�G\QDPLFDO�VWDELOLW\�LV�VKRZQ�LQ�)LJXUH����7KH�REWDLQHG
UHVXOWV�SURYH�WKDW�SODQHWV�ZLWK�D�VHPL�PDMRU�D[LV�DQG�HFFHQWULFLW\�VPDOOHU
RU�HTXDO�WR�����$8�DQG�����IRU�FRSODQDU�ERGLHV�RUELWV�DUH�LQ�WKH�KDELWDEOH
]RQH��)XUWKHU�FDOFXODWLRQV�ZLOO�EH�PDGH�WR�FRQILUP�WKH�ORQJ�WHUP�G\QDPL�
FDO�VWDELOLW\�RI�WKHVH�RUELWV�ZLWK�D�EHWWHU�VWDELOLW\�PDS�UHVROXWLRQ�
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